Spatial Moran Models with Local Interactions

Kevin A. Buhr January 10, 2002

cfl Copyright by Kevin A. Buhr 2002 All Rights Reserved

Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii List of Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

1 Spatial Moran Models 1 1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Standard Moran Model . . . . . . . . . . . . . . . . . . . . 2 1.3 Stepping Stone Model . . . . . . . . . . . . . . . . . . . . . 3 1.4 Brownian Model . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Infinite-Density Stepping Stone Model 20 2.1 Ordered Particle Construction . . . . . . . . . . . . . . . . . 20 2.2 Coupling to the Stepping Stone Moran Model . . . . . . . . 23 2.3 Infinite-Density Neutral Model . . . . . . . . . . . . . . . . 28

3 Infinite-Density Brownian Model 31 3.1 Ordered Interacting Brownian Motions . . . . . . . . . . . . 31 3.2 Infinite-Density Model with Selection . . . . . . . . . . . . . 34 3.3 Coupling to the Brownian Moran Model . . . . . . . . . . . 46 3.4 Measure-Valued Diffusion Limit . . . . . . . . . . . . . . . . 62 3.5 Poisson Structure . . . . . . . . . . . . . . . . . . . . . . . . 67 3.6 Martingale Characterization . . . . . . . . . . . . . . . . . . 71 3.7 Continuity of the Limit . . . . . . . . . . . . . . . . . . . . 77 3.8 Calculation of the Quadratic Variation . . . . . . . . . . . . 84

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

Abstract

We begin by considering a genetic stepping stone model with sites on the one-dimensional lattice n^{-1}Z. Within each site, particles are subject to Moran model interactions with selection. Between interactions, they mutate and migrate independently. If the population density is held constant while the lattice density n increases, then—under suitable parameter scalings—the migration random walks converge to Brownian motions and the limiting interactions are determined by Poisson counting processes driven by clocks proportional to the local times at zero of the distances between pairs. The result is a finite-density collection of Brownian motions with local-time Moran interactions.

We study the limiting behavior of these models as the population density increases to infinity by ordering the particles with randomly assigned “levels” in the non-negative reals R^+ . If neutral interactions are restricted to occur in only one direction, so that the higher-level particle changes its type to that of the lower-level particle, the result is an ordered model that can be extended to infinite densities.

Restricted to a given maximum level, these infinite-density ordered models have the same empirical location/type distributions as the original, symmetric Moran models. In the stepping-stone case, we establish this by means of a generator argument. In the Brownian case, we establish it through a more direct coupling.

Under appropriate initial conditions, these ordered models have a simple Poisson structure. In the Brownian case, for each t, there exists a measure-valued diffusion ν_t such that the point process consisting of the location, type, and level of each particle is conditionally Poisson with mean measure ν_t × ℓ_R+ .

We study this diffusion process for the Brownian case with selection, showing that it almost surely has continuous paths and giving a martingale characterization.

Acknowledgements

The original concept for this work developed out of discussions held at the Isaac Newton Institute for the Mathematical Sciences in Cambridge, England in 1998. I am still indebted to the Institute and its staff for providing such an ideal research environment.

Most of the credit (for the correct results) must be given to my advisor, Thomas Kurtz. In short, he was always right. And even when he was wrong, he was still essentially right. On more than one occasion, I disregarded his advice on how to approach a particular problem only to discover, after much wasted work and mathematical heartache, that my hard-won proof was essentially the method he had first suggested. Fortunately, I took his advice more often than I left it.

I especially wish to thank Marian Fisher, Director of the Statistical Data Analysis Center of the University of Wisconsin Department of Biostatistics and Medical Informatics. Her unwavering moral and financial support (and commitment to some nebulous concept she calls “intellectual capital”) undoubtedly made my career as a graduate student possible.

Thanks must also go to my parents and my sister. Oddly, the “so how’s the thesis coming?” question can be effective, and nothing motivates you quite like knowing your little sister might get her Ph.D. before you do.

Finally, I wish to thank my wife, Tracey, whose love and support mean more to me than even she suspects.

List of Notation

Page numbers in the right-hand column reference most appearances of the symbol. An italicized page number designates a definitive reference. (For standard notation, no page references are given.)

⟨Z⟩_t angle-brackets, conditional quadratic variation A^c complement of A X := . . . definition of X as . . . X � F distribution of X is F =^{a.s.} equal almost surely =^d equal in distribution [Z]_t quadratic variation ‖f‖ sup-norm sup_x jf(x)j x vector (x_1, x_2, . . . )

a.s.−) convergence almost surely

L^p−) convergence in L p p −) convergence in probability } weak convergence

A the L_1 limit of ⟨ M^K ⟩ 74, 76, 85, 86 Ã_n stepping stone generator (Moran) 4, 5, 7, 27

A_n stepping stone generator (ordered) 23, 28, 29 A_{n,λ} stepping stone generator (ordered, neutral) 29 α bound in location space, bound on support of location space test function supp(f) ⊆ [-α, α]

34–37, 41, 62, 65, 67, 68, 75, 77, 81, 88, 91, 92, 94, 95

B(E) measurable, bounded functionals E ) R B^μ mutation process generator 4, 5, 11, 23, 26, 27, 29, 32, 71–74, 76–83, 85, 89, 90 B^θ_{n,j} random walk generator 4, 23, 26, 27, 29 B(E) Borel sets of E

c_1 mean particles hitting [-α, α] in time T 67, 68, 75, 83 c_2 mean square particles hitting [-α, α] in time T

67, 68, 88–90, 94 C^2(E) twice continuously differentiable functions E ) R C^2_c(E) functions in C^2(E) with compact support

D_E[0, ) space of càdlàg paths [0, ) ) E D(A) domain of generator A

E type space, or arbitrary complete, separate metric space η component substitution on vectors η_j(x, x_0) = (x_1, x_2, . . . , x_{j-1}, x_0, x_j, . . . ) 4, 23, 26, 27, 29 η_{jk} uniform [0, 1] to pick “other” type for potential selective event

42, 43, 45, 60, 64, 71

F σ-field of all events on Ω F^X_t filtration generated by process X up to time t F^K_t filtration of locations/levels/types above level K

62, 63–66, 69, 70, 72, 74, 76 F_t filtration of locations/types only 62, 63, 65, 66, 69, 70, 73–76

Γ̃ empirical location/type process (Moran) 24, 28

Γ empirical location/type process (ordered) 24, 28 γ̃_{jk} index of “other” particle when Ṽ_j jumps 6, 7, 8, 18 γ_{jk} index of “other” particle when V_j jumps 22, 33, 43 ^γ_{jk} index of “other” particle when ^V_j jumps 60

h^σ random location/type function representing selective events

73, 74, 76, 78, 85 @_1 cardinality of errors in present paper

ι̃_{jk} indicator that τ̃_{jk} was a neutral event 6, 7, 8, 18 ι_{jk} indicator that τ_{jk} was a neutral event 22, 33, 43, 71 ^ι_{jk} indicator that ^τ_{jk} was a neutral event 60

K particle density (per unit space) 2, 9, 10, 11, 12, 19–21, 23, 24, 27, 30–37, 41, 42, 46–50, 52–54, 59, 60, 62–79, 81–86, 88–94 k_n(·) a C^2 approximation to the absolute value j · j 87, 88–92

L^a_t (X) local time at a of X 11, 32, 35, 37, 42, 47, 57, 60 L_{ij} local time L^0_t (X_i - X_j) 16, 17, 18, 32–34, 42, 47, 55, 57, 58, 60, 82, 83, 85–88 L_{fi,jg} local time L^0_t (X̃_i - X̃_j) 47 L^n_{ij} an approximation to L_{ij} 87, 88 ℓ_A Lebesgue measure on a set A ℓ(A) Lebesgue measure of a set A l_t local time L^0_t of a standard Brownian motion 35, 36, 37, 38, 41, 82–84 L(X) probability law of X λ neutral event rate per unordered pair 4, 5, 9, 11, 17, 22, 23, 26, 27, 29, 31, 33, 42, 47, 55, 56, 58, 60, 74, 76, 82, 83, 85, 86

M characteristic martingale for ⟨u_t, g⟩ 74, 75, 76, 84 M^K characteristic martingale for ⟨ u^K_t , g ⟩ 74, 75, 76, 84, 85 M^{g,y}_{jk} mutation process martingale for g(Y_{jk}(y, ·)) 71, 72 M^g_j mutation process martingale for g(Z_j) 72, 78–81, 84, 85, 89, 91

N standard, rate 1 Poisson counting process (or Poisson random variable) N^λ_{ij} neutral event Poisson counting process 5, 9, 17, 18, 21, 22, 28, 32, 33, 42, 46, 47, 52, 55, 56, 58, 60, 64 N^σ_{ij} selective event Poisson counting process 8, 9, 18, 22 N̄^σ_{ij} potential selective event Poisson counting process

5, 6, 9, 17, 18, 21, 22, 32–34, 42, 46, 47, 52, 58, 60, 61, 64

N^K_{s,x} number of particles in [x, x +^1_n ) × [0, K] at time s 93 n_t number n_t of particles involved in event at time t ∈ τ

48, 49, 50, 52 N natural numbers 1, 2, 3, . . .

N^′ isomorphic copy of N used to index particles above level K in hybrid model

60, 61, 64

ν_t location/type measure-valued process 2, 32, 66, 69, 70 ν_0 initial location/type measure on R × E 11, 12, 19, 32, 34, 42, 46, 59–62, 66 ν^{(n)}_0 initial location/type measure on n^{-1}Z × E 9, 10, 12, 23, 28, 30 ^ν_t(x, dz) type distribution “at” a location in real space 70, 74, 76, 86, 92–94

(Ω, F, P) standard probability space ω sample point ω ∈ Ω

P standard probability measure on Ω P(E) probability measures on E P_1(N) finite, nonempty subsets of N 48, 49, 52 Φ_j(t) permutation process for particle indices 25, 26, 28, 47–53, 56–58, 61, 73 Φ vector (Φ_1, Φ_2, . . . ) 7, 25, 26–28, 56 Φ(A) probability P(Z ∈ A) for standard normal Z Φ(x) probability P(Z < x) for standard normal Z ϕ(z_1, z_2, i, v) chooses result of reproduction event 6, 8, 43, 44 ϕ_{ĩj} permutation ϕ with the values i and j swapped 26 π_{fi,jg,k} random permutation fi, jg ⌊ fi, jg 46, 47–52 Poisson(μ) Poisson point process with mean μ ψ(ξ, v) chooses particle type for selective event 43, 44, 45, 62–64, 71–74, 78–81, 84, 85, 90 ψ_{jk} “other” type picked for selective event at τ_{jk} 43 ^ψ_{jk} “other” type picked for selective event at ^τ_{jk} 60

Q mutation transition kernel 5 Q rational numbers

R real numbers R^+ non-negative real numbers R^K per-particle potential selective event time change

34, 36, 41, 42 R^K_α per-particle potential selective event time change from particles within radius α

34, 35–37, 41 ρ random ranks of levels Ũ at an interaction 49, 50–52

sgn left-continuous sign function 11, 14, 15, 35, 57, 87–89, 91 Σ^T_j (t) influence set of particle j’s type at time T 48, 49, 50, 52–55 Σ_⋆ influence set of σ^⋆ 49, 50–52 σ(z_1, z_2) selective event rate of type z_1 over z_2 4, 6–9, 11, 17, 22, 23, 26–31, 33, 42–44, 56, 58, 60, 72, 73, 78–81, 84, 85, 90 σ̄ selective event rate upper bound 0 ≤ σ ≤ σ̄ 4, 6–8, 17, 22, 33–37, 41, 42, 44, 45, 47, 56, 58, 60, 61, 71, 72, 78–85, 90 σ_t particles involved in event at time t ∈ τ 48, 49–52 σ^′ finite subset of particles 49, 52 σ_⋆ particles σ^′ plus particles involved in interactions at all times τ^′ 49 σf·g σ-field generated by f·g σ^2_{s,x} centering term for V^K_{s,x} 92, 93, 94 supp(f) support of a function f

T^λ_{fi,jg,k} jump times of V^λ_{fi,jg} 47, 48, 52, 55, 64 T^λ_{j,k} ordering of set fT^λ_{fi,jg,k} : ∀i ≠ jg 47 τ̃_{jk} jump times of Ṽ_j 6, 7, 8, 18 τ_{jk} jump times of V_j 22, 33, 43, 45, 64, 71, 72 ^τ_{jk} jump times of ^V_j 60 τ countable set of all event times 48, 49, 52–55 τ_j set of event times involving particle j 48 τ^′ finite subset of τ 49, 52 τ_⋆ times of events considered by Σ_⋆ 49, 50, 52 τ^α_j hitting time of [-α, α] by X_j 67, 68, 75, 77–79, 81–83, 88–90, 94 θ migration rate 4, 5, 9, 10, 12, 14–18, 32–35, 37, 41, 42, 47, 53–56, 58, 60, 67, 68, 72–74, 76, 78, 79, 82–87, 92 T define type process in terms of neutral and potential selective events

7, 8, 18, 22, 28, 33, 44, 56, 58 T^′ define type process in terms of neutral and potential selective events

44, 60

U_j particle level for ordered model 21, 22, 29, 30, 33, 42, 43, 46–52, 56, 58, 60–70, 72–75, 77–86, 88–94 U vector (U_1, U_2, . . . ) 22, 23, 24, 26–30, 32–34, 42, 44, 45, 58–60, 62, 67, 68

Ũ_j particle level process for intermediate model 47, 48, 49–53, 55, 61, 64, 65, 73 Ũ vector (Ũ_1, Ũ_2, . . . ) 7, 55, 56, 59 ^U_j uniformly distributed random variables 34, 35, 37, 63, 65, 69 u^K_t location-type measure for particles below K 62, 71 ⟨ u^K_t , h ⟩ integration of u^K_t against h 62, 65, 70, 72, 74–78, 82, 84, 85 ⟨u_t, h⟩ infinite-density lim_{K)}^1_K ⟨ u^K_t , h ⟩ 65 u_{ij} vector u with components u_i and u_j swapped 27 Υ̃_n stepping stone model (Moran) 9, 10, 12, 19–21, 23, 24, 30, 31 Υ̃_0 Brownian model (Moran) 18, 19, 30–32, 46, 55, 56, 59 Υ_n stepping stone model (ordered) 21, 23, 24, 28–30 Υ_{n,λ} stepping stone model (ordered, neutral) 29, 30 Υ_0 Brownian model (ordered) 31, 32, 33, 34, 45, 46, 55, 58, 59 Υ Brownian model (ordered, infinite-density) 31, 32, 45, 46, 59, 61, 62, 67

Ṽ^{(n),λ}_{ij} neutral events (Moran, stepping stone) 5, 6, 7, 9–11, 13, 17

Ṽ^λ_{ij} neutral events (Moran, Brownian) 18, 19, 55, 61, 73 V^{(n),λ}_{ij} neutral events (ordered, stepping stone) 22, 26, 29 V^λ_{ij} neutral events (ordered, Brownian) 33, 42, 43, 56, 58, 60, 61, 72, 73, 78, 80–82, 84, 85, 90 ^V^{(n)}_{ij} half-rate filtering of V^{(n),λ}_{ij} 25, 26 V^λ_{fi,jg} bidirectional neutral events (per-pair, intermediate model)

47, 48, 55, 56, 58 ^V^λ_{ij} neutral events (hybrid, Brownian) 60, 61 Ṽ^{(n),σ}_{ij} selective events (Moran, stepping stone) 8, 9, 11 Ṽ^σ_{ij} selective events (Moran, Brownian) 18, 19 V^{(n),σ}_{ij} selective events (ordered, stepping stone) 22 V̄^{(n),σ}_{ij} potential selective events (per-pair, stepping stone) 6 V̄^σ_{ij} potential selective events (per-pair, Brownian)

18, 33, 34

V̄^σ_j potential selective events (per-particle, Brownian)

34, 42, 43, 61 V̄^{σ,Φ}_{ij} potential selective events (per-pair, Brownian, reordered for intermediate model)

56, 58

V_j all events affecting j (ordered, Brownian) 22, 29, 33, 43, 72 Ṽ_j all events affecting j (Moran, Brownian) 6, 7, 18 ^V_j all events affecting j (hybrid, Brownian) 60 V^K_{s,x} a second-moment expression for particles in [x, x +^1_n ) × [0, K] 92, 93, 94

V^σ_j random measure representation of selective events

71, 72, 80, 81, 90 ^V^σ_j centered version of V^σ_j 71, 72, 78, 79, 84, 85

W, ^W standard Brownian motion 12, 17, 32, 34, 35, 36, 37, 42, 46, 47, 52, 53, 56, 60, 64, 67, 72, 78, 79, 84, 85 W^Z symmetric, rate 1 random walk on Z 5, 9, 10, 17, 21, 28 W the probability law of W 53, 67, 68 W^Z the probability law of W^Z 10

X^{(n)}_j particle location process (stepping stone) 5, 6, 8–10, 12, 13, 16, 17, 22, 24, 26, 28 X^{(n)} vector (X^{(n)}_1 , X^{(n)}_2 , . . . ) 5, 7, 9–12, 21–24, 26–29 X_j particle location process (Brownian) 10, 12, 16, 17, 19, 30, 32, 33, 34, 42, 43, 45, 47, 56, 60, 62–67, 69, 70, 72, 74, 77–81, 83–93

X vector (X_1, X_2, . . . ) 9, 10, 12, 17, 18, 23, 24, 26, 29, 30, 32, 33, 34, 42, 44–46, 52, 56, 58, 59, 62, 67, 68 X̃_j particle location for symmetric model derived from intermediate model

47, 53–57, 60, 61, 64, 65, 73 ^X_j particle locations for hybrid model 60

X^{(n)}_{ij} difference X^{(n)}_i - X^{(n)}_j 12, 13, 17 X_{ij} difference X_i - X_j 12, 13, 16, 57, 87–92 X̃_{ij} difference X̃_i - X̃_j (between symmetric particle pairs in intermediate model) 57 ξ location/level/type process (Brownian, infinite-density, ordered)

43, 44, 59, 61, 62, 66, 69, 72–74, 78–81, 84, 85, 90 ξ̃^K location/level process (Brownian, K-density, Moran)

19, 46, 59, 66 ξ^K location/level process (Brownian, K-density, ordered)

33, 46, 59, 66 ^ξ location/level/type process (Brownian, infinite-density, hybrid) 60

Y, Y_{jk} particle mutation processes 5, 6, 7, 9, 21, 22, 27, 28, 32, 42, 43, 46, 52, 58, 60, 64, 71

Y^{(n)}_k number of particles at site k/n (stepping stone)

9, 10, 12

Y^{(n)} vector (. . . , Y^{(n)}_{-1} , Y^{(n)}_0 , Y^{(n)}_1 , . . . ) 9, 10

Z̃^{(n)}_j particle type process (stepping stone, Moran) 6, 7–9, 24, 28 Z̃^{(n)} vector (Z̃^{(n)}_1 , Z̃^{(n)}_2 , . . . ) 5, 6, 7–13, 18, 22, 24, 27, 28 Z̃_j particle type process (Brownian, Moran) 18, 19, 58, 61, 64, 65, 73 Z̃ vector (Z̃_1, Z̃_2, . . . ) 18, 56, 59

Z^{(n)}_j particle type process (stepping stone, ordered)

22, 24, 28, 29 Z^{(n)} vector (Z^{(n)}_1 , Z^{(n)}_2 , . . . ) 21, 22, 23, 24, 26–29 Z_j particle type process (Brownian, ordered) 30, 33, 43, 58, 61–66, 69, 70, 72–74, 77–81, 84, 85, 89–93 Z vector (Z_1, Z_2, . . . ) 22, 30, 32, 33, 34, 42–45, 58, 59, 61, 62 ^Z_j particle type process (Brownian, hybrid) 60, 61 ^Z collection ( ^Z_j : j ∈ N ⊎ N^′ ) 60 Z integers . . . , -1, 0, 1, . . . Z^+ non-negative integers 0, 1, 2, . . . ζ_{jk} uniform on [0, 1] to determine when jump in V̄^σ_j becomes actual event

5, 6–9, 18, 46, 52, 60

Chapter 1

Spatial Moran Models

“Interestingly, according to modern astronomers, space is finite. This is a very comforting thought—particularly for people who can never remember where they have left things.” — Woody Allen (b. 1935)

1.1 Introduction

We wish to model the spread of genetic innovation through spatially structured populations. In this paper, we present a number of monoecious, haploid particle models that incorporate explicit one-dimensional spatial structure and local reproductive interactions between particles with selection.

In this chapter, we consider Moran models with spatial structure and selection. We begin, in the next section, by briefly considering the standard Moran model, a finite-population, genetic model where each particle interacts with all other particles in the population. In Section 1.3, we construct a stepping stone model on a one-dimensional lattice of equally spaced, discrete sites with Moran-like interactions between particles located at the same site. In Section 1.4, we consider the limiting model that results as we increase the density of the lattice of discrete sites while keeping the particle density constant. The particle motions converge to Brownian motions while their limiting interactions are determined by the local times at zero of the distances between particle pairs.

In Chapter 2, we study the stepping stone model in more detail. We begin by introducing an ordering on the particles, in the form of R^+ -valued levels. By modifying the model of Section 1.3 so that neutral interactions occur in only one direction determined by this ordering, we construct an ordered model with the same empirical location/type distribution as the original model. The value of this ordered model is that it may be meaningfully extended to infinite densities, as we do in Section 2.3 to construct an infinite-density, neutral stepping stone model.

In Chapter 3, we construct an ordered, infinite-density, Brownian model with local-time interactions and selection. In the neutral case, this ordered model embeds the empirical location/type distribution of the corresponding symmetric Moran model (the limiting model of Section 1.4) for all finite particle densities K > 0. The ordered model is conditionally a Poisson point process that carries a location/type measure-valued process ν_t. In fact, ν_t is the limiting measure-valued diffusion of the model of Section 1.4 as the particle density increases to infinity. We prove that ν_t almost surely has vaguely continuous paths and characterize it by means of a collection of martingales whose quadratic variations we calculate.

1.2 Standard Moran Model

The standard Moran model of [9] describes the evolution of a population consisting of two types of particles and having some fixed size n. In this model, birth events occur according to a constant-rate Poisson counting process. When such an event occurs, a random particle is selected to produce an offspring: usually, the offspring has the parent’s type, though with some small probability, the offspring mutates to the other type. Then, an existing particle in the population is uniformly randomly chosen to be killed, and the offspring takes its place. Note that births and deaths are balanced.

Many variations of this model are possible. Trivially, it may be generalized to a countable type space with mutation occurring according to transition probabilities between types. It may also be generalized to an uncountable type space via a mutation probability kernel and modified so that particles mutate continuously between reproduction events, with the offspring taking the parent’s type at the instant of birth then proceeding to mutate independently of the parent. Additionally, particles may be subject to fertility or viability-based selective forces.

Under certain scalings, the empirical measures of many of these variations can be shown to converge, with increasing population size, to diffusion process limits. As a rule of thumb, if—as the population size n increases—the population-wide rates of neutral and selective reproductive events are kept of order O(n^2) and O(n) respectively, then the type process, expressed as a measure-valued, empirical process assigning mass^1_n to each particle, and so taking values in the set P(E) of probability measures on the type space E, will converge to a measure-valued diffusion, under suitable additional conditions. For example, [6] shows convergence for a Moran-like model incorporating selection, recombination, and mutation to a Fleming-Viot limiting process under such a scaling.

In the following section, we will construct a stepping stone model with Moran-like interactions: individuals reproduce at random, replacing other randomly chosen individuals with their offspring. The distinguishing feature of our model will be that the interactions occur only between particles at the same site. In later chapters we will see that the aforementioned scalings can be applied to our model as well: for a particle density of order O(n), if neutral and selective event counts per unit of space per unit of time are of order O(n^2) and O(n) respectively, the limiting empirical type measure will converge to a diffusion process.

1.3 Stepping Stone Model

In this section, we construct a finite-density, stepping stone model with local, Moran-like interactions. The particles “live” on a one-dimensional lattice of equally spaced sites, perform independent simple random walks across the lattice, and interact within each site in a Moran-like fashion: each particle reproduces according to a Poisson counting process, replacing a random particle at the same site.

For each n, we consider a countably infinite population of particles occupying the lattice n^{-1}Z. We assume that the particles move independently each according to a simple random walk at rate θn^2. Note that this scaling is such that the particle motions converge to Brownian motions as n ) .

We further assume that each particle j ∈ N has a type z_j in a complete, separable metric space E. At every site, each ordered pair of particles (i, j) at that site undergoes reproduction events at rate λ/2 + σ(z_i, z_j): particle i produces an offspring of type z_i which replaces particle j in the population; equivalently, the type z_j of particle j is changed to the type z_i of particle i. Between reproduction events, the particle types mutate independently.

The reproduction events occurring at rate λ/2, independent of particle type, will be considered neutral reproduction events, while those occurring at rate σ(z_i, z_j) will be considered selective reproduction events. Here, σ is taken to be a non-negative function bounded above by a constant σ̄ > 0 so that the expression σ(α, β) - σ(β, α) represents the selective advantage of type α over type β. In most contexts, we can take σ(α, β) ≡ σ(α) where σ(α) represents the absolute selective advantage of type α over some baseline

Formally, for x ∈ (n^{-1}Z) and z ∈ E, the vectors of positions and types of the particles respectively, we define a generator Ã_nf(x, z) := ∑ j B^θ_{n,j}f(x, z) + ∑ j B^μ_j f(x, z) + ∑ i≠j x_i=x_j ( λ/2 + σ(z_i, z_j) ) ( f ( x, η_j(zjz_i) ) - f(x, z) ) (1.1)

where η_j(zjz_0) := (z_1, z_2, . . . , z_{j-1}, z_0, z_{j+1}, · · · ). Here, the migration operator B^θ_{n,j}, which operates on f only as a function of the location x_j of the jth particle, is given by B^θ_{n,j}f(x, z) := θn^2 ( f ( η_j(x j x_j + 1/n), z ) + f ( η_j(x j x_j - 1/n), z ) 2 - f(x, z) )

Each B^μ_j is some mutation operator B^μ operating on f only as a function of the type z_j of the jth particle. In particular, the mutation is locationindependent. Also, note that the last summation in equation (1.1) is taken over all ordered pairs of distinct particles sharing the same location.

We may construct an (n^{-1}Z) × E-valued solution (X^{(n)}, Z̃^{(n)}) to the martingale problem Ã_n explicitly on the probability space (Ω, F, P) as follows. As in [2], we assume the existence of a B(E)×B[0, )×F-measurable mutation mapping Y : E × [0, ) × Ω ) E (1.2) such that for all y and ω, we have Y(y, 0, ω) = y and Y(y, ·, ·) a Markov process with transition kernel Q(t, y, dy^′) having sample paths in D_E[0, ). We will also assume the following:

Hypothesis 1.3.1. Assume that for each y ∈ E, the process Y(y, ·, ·) is the unique solution to the martingale problem (B^μ, δ_y), and assume that the generator B^μ is closed under multiplication and has ‖B^μg‖ < for all bounded g ∈ D(B^μ).

Let X^{(n)}(0) and Z̃^{(n)}(0) be given. Let fW^Z_j : j ∈ Ng be iid simple, symmetric, rate 1 random walks on Z, let fN^λ_{ij}, N̄^σ_{ij} : i ≠ j ∈ Ng be iid, rate 1 Poisson counting processes, let fY_{jk} : j ∈ N, k ∈ Z^+g be iid copies of Y, and let fζ_{jk} : j ∈ N, k ∈ Z^+g be iid uniform on [0, 1] such that ( X^{(n)}(0), Z̃^{(n)}(0) ) , fW^Z_j g, fN^λ_{ij}g, fN̄^σ_{ij}g, fY_{jk}g, and fζ_{jk}g are mutually independent. Define the particle location process X^{(n)} by

X^{(n)}_j (t) := X^{(n)}_j (0) + 1 n W^Z_j (θn^2t) (1.3)

To define the type process Z̃^{(n)}, we will need to define, for each ordered particle pair (i, j) with i ≠ j, counting processes for neutral reproduction events (where j copies i’s type) and potential selective reproduction events (where j may copy i’s type) as follows. Define the neutral event counting process by Ṽ^{(n),λ}_{ij} (t) := N^λ_{ij} ( λ 2 ∫_t 0 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}ds ) (1.4) and define the potential selective event counting process by V̄^{(n),σ}_{ij} (t) := N̄^σ_{ij} ( σ̄ ∫_t 0 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}ds ) (1.5)

where σ̄ is the upper bound for the selection function σ.

For each j, define the counting process

Ṽ_j := ∑ i≠j ( Ṽ^{(n),λ}_{ij} + V̄^{(n),σ}_{ij} )

This counts all neutral and potential selective reproduction events directly affecting the type of j. For k ∈ N, let τ̃_{jk} be the kth jump time of Ṽ_j, and define

γ̃_{jk} := ∑ i≠j iΔṼ^{(n),λ}_{ij} (τ̃_{jk}) + ∑ i≠j iΔV̄^{(n),σ}_{ij} (τ̃_{jk}) ι̃_{jk} := ∑ i≠j ΔṼ^{(n),λ}_{ij} (τ̃_{jk}) Almost surely, the summations γ̃_{jk} and ι̃_{jk} each have exactly one non-zero term. Thus, γ̃_{jk} gives the particle i whose type j either copies in the case of a neutral event (where ι̃_{jk} = 1) or may copy in the case of a potential selective event (where ι̃_{jk} = 0) at event time τ̃_{jk}.

Finally, with the conventions τ̃_{j,0} := 0, γ̃_{j,0} := j, ι̃_{j,0} := 1, and Z̃^{(n)}_j (0-) := Z̃^{(n)}_j (0), we may define the type process Z̃^{(n)} as the unique solution to the system of equations

Z̃^{(n)}_j (t) = Y_{jk} ( ϕ ( Z̃^{(n)}_{γ̃jk} (τ̃_{jk}-), Z̃^{(n)}_j (τ̃_{jk}-),ι̃_{jk}, ζ_{jk} ) , t - τ̃_{jk} ) , τ̃_{jk} ≤ t < τ̃_{j,k+1} (1.6) where ϕ is given by ϕ(z_1, z_2, ι, ζ) := / z_1, ζ ≤ (σ̄^{-1}σ(z_1, z_2)) _ ι; z_2, ζ > (σ̄^{-1}σ(z_1, z_2)) _ ι. (1.7)

Remark 1.3.1. Existence and uniqueness of a solution to (1.6) depends on the choice of initial location vector X^{(n)}(0). In particular, a unique solution will exist if it can be established that, for each fixed time T > 0 and particle j ∈ N, the number of events Ṽ_j(T) and the total number of particles that may have “influenced” j’s type Z̃^{(n)}_j (T) at time T through a chain of interaction events are both finite. A rigorous proof would take much the same form as the proof of the existence of the processes Φ and Ũ in Theorem 3.3.1 and Lemma 3.3.2. In particular, under the stationary, Poisson initial distribution described below, this argument applies and a unique solution exists. Note that we refer here only to the uniqueness of the solution to (1.6), not to the uniqueness of the martingale problem for Ã_n. Remark 1.3.2. In defining the type process Z̃^{(n)} above, we first specified neutral fṼ^{(n),λ}_{ij} g and potential selective fV̄^{(n),σ}_{ij} g event counting processes in equations (1.4) and (1.5) respectively. We then defined the processes Ṽ_j, τ̃_{jk}, γ̃_{jk}, and ι̃_{jk} deterministically in terms of Ṽ^{(n),λ}_{ij} and V̄^{(n),σ}_{ij} . Finally, Z̃^{(n)} was defined as the unique solution to an equation (1.6) involving these derived processes, the initial types Z̃^{(n)}(0), the processes Y_{jk}, and the uniform random variables ζ_{jk}.

In later sections, we will need to apply this procedure several times. That is, we will need to define a type process as the unique solution of a system of equations involving initial types, mutation processes, uniform random variables, and several intermediate processes all deterministically dependent on neutral and potential selective event counting processes.

Rather than repeat the derivation each time, we will introduce the following notion. If we write (z, v, τ, γ, ι) := T(z_0, y, v^λ, v̄^σ, ζ, σ̄^{-1}σ) we mean to indicate that we are defining v by

v_j := ∑ i≠j ( v^λ_{ij} + v̄^σ_{ij} ) defining τ_{jk} to be the ordered jump times of v_j; defining γ and ι by

γ_{jk} := ∑ i≠j iΔv^λ_{ij}(τ_{jk}) + ∑ i≠j iΔv̄^σ_{ij}(τ_{jk}) ι_{jk} := ∑ i≠j Δv^λ_{ij}(τ_{jk}) adopting the conventions τ_{j,0} := 0, γ_{j,0} := j, ι_{j,0} := 1, and z_j(0-) := z_{0,j}; and finally defining z as the unique solution to z_j(t) = y_{jk} ( ϕ ( z_{γjk} (τ_{jk}-), z_j(τ_{jk}-), ι_{jk}, ζ_{jk} ) , t - τ_{jk} ) , τ_{jk} ≤ t < τ_{j,k+1} In particular, the above formulation could have been written (Z̃^{(n)}, Ṽ, τ̃, γ̃,ι̃) := T(Z̃^{(n)}(0), Y, Ṽ^{(n),λ}, V̄^{(n),σ}, ζ, σ̄^{-1}σ) (1.8) The intuitive interpretation of (1.6)—and so (1.8)—is this. Particles mutate independently between interactions. At an interaction time τ̃_{jk}, the function ϕ(·) determines the new type of particle j. In the case of a neutral event, we have ι̃_{jk} = 1, and j always copies the other particle’s type. In the case of a potential selective event, where ι̃_{jk} = 0, a biased coin is flipped. The bias depends on the selective advantage of the particle γ̃_{jk} over j: if it is large enough, j copies γ̃_{jk}’s type; otherwise, j keeps its current type.

To make this intuition more precise, note that we have V̄^{(n),σ}_{ij} (t) = ∑ k=1 1_{fτ̃jk≤tg}1_{fγ̃jk=ig}1_{fι̃jk=0g} so we may define the actual (cf. potential) selective event counting processes as a filtering of V̄^{(n),σ}_{ij} given by

Ṽ^{(n),σ}_{ij} (t) := ∑ k=1 1_{fτ̃jk≤tg}1_{fγ̃jk=ig}1_{fι̃jk=0g}1^⟨_{ζjk≤σ̄-1σ}^(_{Z̃}(n)_{i (τ̃jk-),Z̃}(n)_{j (τ̃jk-)}^{)⟩} These processes satisfy Ṽ^{(n),σ}_{ij} (t) = N^σ_{ij} (∫_t 0 σ ( Z̃^{(n)}_i (s), Z̃^{(n)}_j (s) ) 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}ds ) (1.9) for iid, rate 1 Poisson counting processes N^σ_{ij} independent of other aspects of the model. Furthermore, in the case where there is no mutation, the particle type process Z̃^{(n)} then satisfies

Z̃^{(n)}_j (t) = Z̃^{(n)}_j (0) + ∑ i≠j ∫_t 0 ( Z̃^{(n)}_i (s-) - Z̃^{(n)}_j (s-) ) d ( Ṽ^{(n),λ}_{ij} (s) + Ṽ^{(n),σ}_{ij} (s) )

For convenience, we will write the model constructed above as Υ̃_n. That is, for initial location and type vectors X^{(n)}(0) = X_0 and Z̃^{(n)}(0) = Z_0 respectively, we will define

Υ̃_n(X_0, Z_0) := (X^{(n)}, Z̃^{(n)})

Implicitly, of course, Υ̃_n depends on the random variables W^Z_j , N^λ_{ij}, N̄^σ_{ij}, Y_{jk}, and ζ_{jk} and the parameters θ, λ, and σ defined above.

Let us now describe one special case for the distribution of the initial locations and types (X_0, Z_0). Let ν^{(n)}_0 be a measure on location/type space n^{-1}Z × E with marginal location measure ν^{(n)}_0 (· × E) = ∑ x∈n^{-1}Z 1 n δ_x, and let (X_0, Z_0) be some indexing of the points of a Poisson point process with mean measure Kν^{(n)}_0 for some particle density K > 0. The conditions of Remark 1.3.1 hold, so a unique solution to (1.6) exists for this initial distribution. If we define the vector Y^{(n)} by

Y^{(n)}_k (t) := ∑ j∈N 1_{fX}(n)_{j (t)=k/ng} (1.10)

which gives, for each k ∈ Z, the number of particles at site k/n at time t, then the process Y^{(n)} is stationary, and the fY^{(n)}_k (t)g_{k∈Z} are iid Poisson with mean K/n for all t ≥ 0. To see this, we will apply the following Lemma.

Lemma 1.3.2. Let E and E^′ be metric spaces, and let h: E ) E^′ be Borel measurable. If Γ is a Poisson point process on E with σ-finite mean measure ν on B(E) such that ν^′ := ν ∘ h^{-1} is σ-finite on B(E^′), then for an indexing of the points Γ = ∑ j∈N δ_{ξj} the random measure Γ^′ := ∑ j∈N δ_{h(ξj)} is a Poisson point process on E^′ having mean measure ν^′.

Proof. For A ∈ B(E^′), we have h^{-1}(A) ∈ B(E). Thus, Γ^′(A) = Γ(h^{-1}(A)) is Poisson with mean ν(h^{-1}(A)). Also, for disjoint A, B ∈ B(E^′), we have h^{-1}(A) and h^{-1}(B) disjoint, so Γ^′(A) = Γ(h^{-1}(A)) and Γ^′(B) = Γ(h^{-1}(B)) are independent.

Corollary 1.3.3. If (X_0, Z_0) � Poisson(Kν^{(n)}_0 ) then the per-site particle counts Y^{(n)}(t) are iid Poisson mean K/n for all t ≥ 0.

Proof. We note that (X_{0,j}, W^Z_j ) are the points of a Poisson point process on n^{-1}Z × D_Z[0, ) with mean measure ν := (K ∑ x∈n^{-1}Z 1 n δ_x) × W^Z where W^Z is the law of W^Z_1 . Since h given by h: n^{-1}Z × D_Z[0, ) ) n^{-1}Z : (X_{0,j}, W^Z_j ) ) X^{(n)}_j (t) = X_{0,j} +^1_n W^Z_j (θn^2t)

is measurable and ν^′ := ν ∘ h^{-1} is σ-finite, we have Γ^′ := ∑ j δ_X(n)_{j (t)} a Poisson point process on n^{-1}Z with mean measure ν^′ by Lemma 1.3.2.

In particular, we have Y^{(n)}_k (t) = Γ^′(fk/ng), the Γ^′-measures of disjoint sets. To prove the result, it remains only to show that ν^′(fk/ng) = K/n for all k ∈ Z. This may be calculated explicitly, or we may observe that it follows from the initial distribution and the symmetry of the system.

Thus, for model Υ̃_n with (X_0, Z_0) distributed Poisson(Kν^{(n)}_0 ) which we may write (X^{(n)}, Z̃^{(n)}) = Υ̃_n ( Poisson(Kν^{(n)}_0 ) ) the interpretation is as follows. We begin with the lattice n^{-1}Z populated by iid, mean K/n Poisson particles per site. These particles migrate according to iid, rate θn^2 simple random walks W^Z_j (θn^2t)/n so that the initial location distribution is stationary. The processes Ṽ^{(n),λ}_{ij} count neutral reproduction events whereby particle i produces an offspring replacing particle j (or, equivalently, particle j “looks at” particle i and copies its type); and the processes Ṽ^{(n),σ}_{ij} count the selective reproduction events analogously. Observe that Ṽ^{(n),λ}_{ij} and Ṽ^{(n),σ}_{ij} only increase while particle i and particle j share the same site. Between reproduction events, the particles mutate independently according to the generator B^μ.

1.4 Brownian Model

In the previous section we observed that the scaling was such that individual particle motions converged, as n ) , to Brownian motions. In this section, we will fix a particle density K > 0 and let n ) . Under a suitable scaling of the interaction parameters λ and σ, the reproduction event counting processes will converge to non-trivial limits, and the result will be a K-density, interacting particle model freed of the discrete sites of the previous section. Moreover, we will be able to characterize, in the limit, the reproduction events between an ordered pair of particles as resulting from Poisson counting processes driven by the local time at zero of their distance from each other.

We define the local time in the sense of [10]. Let sgn be the leftcontinuous sign function given by

sgn(x) := / 1, x > 0; -1, x ≤ 0. Let X be a semimartingale. By [10] Theorem IV.47, there is a unique adapted, càdlàg, increasing process A^a such that

jX_t - aj = jX_0 - aj + ∫_t 0 sgn(X_{s-} - a)dX_s + A^a_t (1.11)

Definition 1.4.1. Let X be a semimartingale, and let A^a be given by (1.11). The local time L^a(X) at a of X is the continuous part of A^a given by

L^a_t (X) := A^a_t - ∑ 0<s≤t ( jX_s - aj - jX_{s-} - aj - sgn(X_{s-} - a)ΔX_s )

Now, let us define a sequence of models ( X^{(n)}, Z̃^{(n)} ) as follows. Let ν_0 be a measure on location/type space R ×E with marginal measure ν_0(·×E) the Lebesgue measure ℓ_R on R. Fix a particle density K > 0, and let the vector (X_0, Z_0) be some indexing of the points of a Poisson point process with mean measure Kν_0. For each n ∈ N, if we take X^{(n)}_j (0) = ⌊nX_{0,j}⌋/n, note that (by Lemma 1.3.2, for instance) we have (X^{(n)}(0), Z_0) an indexing of the points of a Poisson point process with mean measure Kν^{(n)}_0 where ν^{(n)}_0 is given by ν^{(n)}_0 (fk/ng × B) = ν_0 ([ k n , k + 1 n ) × B ) (1.12)

and has marginal location measure ν^{(n)}_0 (· × E) = ∑ x∈n^{-1}Z 1 n δ_x. Consider the model ( X^{(n)}, Z̃^{(n)} ) = Υ̃_n ( X^{(n)}(0), Z_0 ) (1.13)

Note that Corollary 1.3.3 applies, and the Y^{(n)}_k (t) defined by (1.10) are iid Poisson with mean K/n for all t ≥ 0.

As n ) , the initial particle locations X^{(n)}(0) converge to X_0. Moreover, the particle location processes X^{(n)}_j , conditioned on X_0, converge to independent Brownian motions. That is, we have X^{(n)} } X where the X are given by

X_j := X_{0,j} + √ θW_j (1.14)

for fW_j : j ∈ Ng iid Brownian motions independent of X_0. Define the distance X^{(n)}_{ij} between particles i and j by

X^{(n)}_{ij} (t) := X^{(n)}_i (t) - X^{(n)}_j (t) (1.15)

and the limiting distance X_{ij} by

X_{ij}(t) := X_i(t) - X_j(t)

so that ( X^{(n)}_{ij} ) i≠j } (X_{ij})_{i≠j} (1.16)

The type process Z̃^{(n)} is driven by the Ṽ^{(n),λ}_{ij} and V̄^{(n),σ}_{ij} counting processes whose rates are proportional to the integral ∫_t 0 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}ds = ∫_t 0 1_{fX}(n)_{ij (s)=0g}ds By means of the following theorem, we will characterize the limiting distribution of these integrals in terms of the X_{ij} defined above.

First, we will need the following form of the weak law of large numbers.

Lemma 1.4.2. Let ξ_{n,k} be identically distributed with finite mean μ such that fξ_{n,k}g_k are independent for each n. If N(n)^p−) , then 1 N(n) N(n)∑

k=1 ξ_{n,k}^p−) μ Proof. Define

h(ϵ, K_0) := P / sup_{K≥K0} | | | | | 1 K K∑ k=1 ξ_{1,k} - μ | | | | | > ϵ \

By the strong law of large numbers 1 K K∑ k=1 ξ_{1,k}^{a.s.}−) μ so we have h(ϵ, K_0) )_{K0)} 0 for each ϵ > 0. However, P /| | | | 1 N(n) N(n)∑

k=1 ξ_{n,k} - μ | | | | > ϵ \ ≤ h(ϵ, K_0) + P(N(n) < K_0) ) 0 as K_0 ) for all ϵ > 0.

We will also need this technical lemma. Its importance is the relatively weak form of independence between N(n) and the ξ_i.

Lemma 1.4.3. Let fξ_ig be identically distributed with E jξ_1j < . For any positive, integer-valued random sequence N(n) such that N(n) and ξ_{N(n)} are independent for each n, we have ξ_{N(n)}/n^{a.s.}−) 0.

Proof. Fix any ϵ > 0, and define A_n := fω : jξ_{N(n)}j > nϵg.

Note that ∑ n=1 P A_n = ∑ n=1 P (jξ_1j > nϵ) ≤ ∫ 0 P ( jξ_1j ϵ > t ) dt = E jξ_1j ϵ < Therefore, by the Borel-Cantelli Lemma, P(A_n i.o.) = 0.

However, since this holds for all ϵ > 0, we have ξ_{N(n)}/n^{a.s.}−) 0.

Finally, we turn to our theorem, which characterizes the limiting duration time at zero of a collection of sequences of random walks in terms of the local time at zero of their limiting processes.

Theorem 1.4.4. Let fV^kg for k = 1, . . . , K be a collection of (not necessarily independent) Z-valued, continuous-time Markov jump processes started at V^k(0) = 0 with transition intensities given by q_{ij} = / θ, j = i ± 1; 0, otherwise.

Define W^k_n(t) := w^k_n - V^k(n^2t)/n such that nw^k_n ∈ Z and lim_n w^k_n exists for each k. If

(W^1_n, . . . , W^K_n) } (W^1_0, . . . , W^K_0 ) (1.17)

then ( W^k_n, n ∫_· 0 1_{fW}k_{n(s-)=0g}2θds ) k=1,...,K } (W^k_0, L^k)_{k=1,...,K} (1.18) where L^k are the local times at zero of W^k_0 .

Proof. Let sgn be the left-continuous sign function. By Theorem 1 of [11], we have ( W^k_n, | |W^k_n(·) | | - | |W^k_n(0) | | - ∫_· 0 sgn W^k_n(s-)dW^k_n(s) ) k } ( W^k_0 , | W^k_0 (·) | - | W^k_0 (0) | - ∫_· 0 sgn W^k_0 (s-)dW^k_0 (s) ) k (1.19)

However, by the Meyer-Tanaka Formula [10, p. 169], the right hand side is (W^k_0, L^k)_k where L^k are the local times at zero of the W^k_0 .

Define the ordered exit times of V^k from nw^k_n (and so of W^k_n from 0) by T^{k,n}_0 := 0 T^{k,n}_m := infft > T^{k,n}_{m-1} : V^k(t-) = nw^k_n, V^k(t) ≠ nw^k_ng

Let τ^{k,n}_m be the duration times at nw^k_n given by

τ^{k,n}_m := T^{k,n}_m - supft < T^{k,n}_m : V^k(t) ≠ nw^k_ng _ 0

Define N^{k,n}(t) := supfm : T^{k,n}_m ≤ tg, the counting process of V^k’s exits from nw^k_n.

Note, by the recurrence of V^k, we have N^{k,n}(t)^{a.s.}−)_{t)} for any fixed n. To establish that N^{k,n}(n^2t)^p−)_{n)} for every t ∈ R^+ , we need only show that P(N^{k,n}(n^2t) = 0) −)_{n)} 0. However, the nw^k_n are eventually bounded by n(w^k + 1), so it follows that P(N^{k,n}(n^2t) = 0) ≤ P(V^k(s) ≤ n(w^k + 1) ∀s ≤ n^2t) ) 0 by the properties of random walks.

For each fixed n and k, note that V^k(T^{k,n}_m ) are iid for all m with distribution given by P ( V^k(T^{k,n}_m ) = nw^k_n + 1 ) = P ( V^k(T^{k,n}_m ) = nw^k_n - 1 ) = 1 2 and the τ^{k,n}_m are iid exponential for all m with E τ^{k,n}_m = (2θ)^{-1}.

For all t > 0, we see that | |W^k_n(t) | | - | |W^k_n(0) | | - ∫_t 0 sgn W^k_n(s-)dW^k_n(s)

= 2 N^{k,n}(n^2t) ∑ m=1 1 n ( V^k(T^{k,n}_m ) - nw^k_n )_+

= 2 N^{k,n}(n^2t) n 1 N^{k,n}(n^2t) N^{k,n}(n^2t) ∑ m=1 ( V^k(T^{k,n}_m ) - nw^k_n )_+

By Lemma 1.4.2, we have 1 N^{k,n}(n^2t) N^{k,n}(n^2t) ∑ m=1 ( V^k(T^{k,n}_m ) - nw^k_n )_{+ p} −) 1 2 as n ) for all t ∈ R^+ .

Therefore, by equation (1.19), we have ( W^k_n, N^{k,n}(n^2·) n ) k } ( W^k_0 , L^k ) k (1.20)

However, ∫_t 0 1_{fW}k_{n(s-)=0g}ds = N^{k,n}(n^2t) ∑ m=1 τ^{k,n}_m n^2 + 1 n^2 ( t - T^{k,n}_Nk,n_{(n}2_{t)+1} + τ^{k,n}_Nk,n_{(n}2_{t)+1} ) _ 0 Thus,

n ∫_t 0 1_{fW}k_{n(s-)=0g}2θds = 2θ N^{k,n}(n^2t) n 1 N^{k,n}(n^2t) N^{k,n}(n^2t) ∑ m=1 τ^{k,n}_m + 2 θ n ( t - T^{k,n}_Nk,n_{(n}2_{t)+1} + τ^{k,n}_Nk,n_{(n}2_{t)+1} ) _ 0 Applying Lemma 1.4.2, we have 1 N^{k,n}(n^2t) N^{k,n}(n^2t) ∑ m=1 τ^{k,n}_m^p−) 1 2θ as n ) for all t ∈ R^+ . By Lemma 1.4.3, we have 0 ≤ θ n ( t - T^{k,n}_Nk,n_{(n}2_{t)+1} + τ^{k,n}_Nk,n_{(n}2_{t)+1} ) _ 0 ≤ θ τ^{k,n}_{Nk,n(n2t)+1} n a.s.−) 0 as τ^{k,n}_{Nk,n(n2t)+1} is independent of N^{k,n}(n^2t) for all n.

Therefore, it follows from equation (1.20) that equation (1.18) holds.

Proposition 1.4.5. We have ( X^{(n)}_i , X^{(n)}_j , n ∫_· 0 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}2θds ) i≠j } (X_i, X_j, L_{ij})_{i≠j} (1.21)

where the L_{ij} are local times at zero of the processes X_{ij} := X_i - X_j.

Proof. We have

X^{(n)}_{ij} (t) = ( X^{(n)}_i (0) - X^{(n)}_j (0) ) + 1 n ( W^Z_i (θn^2t) - W^Z_j (θn^2t) )

so conditioned on X_0, the X^{(n)}_{ij} satisfy Theorem 1.4.4 with starting points

w^{(n)}_{ij} = X^{(n)}_i (0) - X^{(n)}_j (0)^{a.s.}−) X_{0,i} - X_{0,j}

The characterization of the limiting process (1.16) gives the convergence (1.21) conditioned on X_0. It follows from the independence of X_0 and fW_jg that the convergence is unconditional as well.

In particular, Proposition 1.4.5 allows us to characterize the limiting interactions between pairs of particles. The convergence (1.21) implies that, if λ and σ̄ are held constant while n ) , then Ṽ^{(n),λ}_{ij} (t) + V̄^{(n),σ}_{ij} (t)^p−) 0 However, (1.21) also suggests the correct parameter scaling to obtain nontrivial limits. Let λ_0 > 0 and σ_0(·, ·) ≥ 0 be given, and let σ_0 ≤ σ̄_0 for some bound σ̄_0. Take λ = λ_0n, σ = σ_0n, and σ̄ = σ̄_0n so that σ(·, ·) ≤ σ̄. With these parameter choices, we have the following characterization of the limiting event processes.

Proposition 1.4.6. Let Ṽ^{(n),λ}_{ij} be given by (1.4) with λ = λ_0n, let V̄^{(n),σ}_{ij} be given by (1.5) with σ̄ = σ̄_0n, and let L_{ij} be given as in Proposition 1.4.5. Then, we have ( Ṽ^{(n),λ}_{ij} , V̄^{(n),σ}_{ij} ) i≠j } ( N^λ_{ij} ( λ_0 4θ L_{ij} ) , N̄^σ_{ij} ( σ̄_0 2θ L_{ij} )) i≠j Proof. Since we have ( n ∫_· 0 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}2θds ) i≠j } (L_{ij})_{i≠j} the result follows from the independence of N^λ_{ij} and N̄^σ_{ij} from the X^{(n)}_j and L_{ij}.

Armed with the result of Proposition 1.4.6, we may define limiting neutral event counting processes by Ṽ^λ_{ij} := N^λ_{ij} ( λ_0 4θ L_{ij} )

and potential selective event counting processes by V̄^σ_{ij} := N̄^σ_{ij} ( σ̄_0 2θ L_{ij} )

Then, in the notation of Remark 1.3.2, we may define a type process Z̃ (cf. definition (1.8)) by (Z̃, Ṽ, τ̃, γ̃,ι̃) := T(Z_0, Y, Ṽ^λ, V̄^σ, ζ, σ̄^{-1}_0 σ_0) (1.22) Existence and uniqueness of such a Z̃ is subject to the same considerations as the existence of a solution Z̃^{(n)} to (1.6) addressed in Remark 1.3.1. Since we can establish that the Ṽ_j have no explosions and that the collection of all particles whose type may have influenced particle j up to time T through chains of interactions is finite, the existence and uniqueness follow.

Defining the actual selective event counting processes by

Ṽ^σ_{ij}(t) := ∑ k=1 1_{fτ̃jk≤tg}1_{fγ̃jk=ig}1_{fι̃jk=0g}1f_{ζjk≤σ̄}-1_{0 σ0}(_{Z̃i(τ̃jk-),Z̃j(τ̃jk-)})g we see that these processes satisfy Ṽ^σ_{ij}(t) = N^σ_{ij} (∫_t 0 σ_0 ( Z̃_i(s), Z̃_j(s) ) (2θ)^{-1}dL_{ij}(s) )

for iid rate 1 Poisson counting processes N^σ_{ij}. In the case without mutation, the type process Z̃ satisfies

Z̃_j(t) = Z̃_j(0) + ∑ i≠j ∫_t 0 ( Z̃_i(s-) - Z̃_j(s-) ) d ( Ṽ^λ_{ij}(s) + Ṽ^σ_{ij}(s) )

We will write the above model, with locations given by (1.14) and types given by (1.22), as Υ̃_0 so that

Υ̃_0(X_0, Z_0) := (X, Z̃)

We will also define the empirical location/type process ξ̃^K by

ξ̃^K_t := ∑ j δ_{(Xj(t),Z̃j(t))} (1.23)

It should be noted that we have not actually proved a limit theorem for the type process here. We have merely shown that the location and interaction processes of model Υ̃_n converge to the corresponding processes of model Υ̃_0.

The interpretation of the model

Υ̃_0(Poisson(Kν_0))

is as follows. We begin with the real line R uniformly populated by a K-density, Poisson collection of particles. The particles migrate as independent Brownian motions so that the location distribution is stationary. The neutral Ṽ^λ_{ij} and selective Ṽ^σ_{ij} events (where j copies i’s type) are Poisson counting processes driven by the local time at zero of the distance between i and j: in particular, these interactions occur only when i and j are at the same location. Between interactions, the particle types mutate independently.

Chapter 2

Infinite-Density Stepping Stone Model

“Good order is the foundation of all things.” — Edmund Burke (1729–97)

2.1 Ordered Particle Construction

In Section 1.3, we considered a stepping stone model Υ̃_n with finite particle density K. In this chapter, we will consider the effect of increasing the particle density to infinity.

Recall from the discussion in Section 1.2 that, for many Moran model variations without spatial structure, as the population size increases with suitable scalings of the interaction parameters, the empirical type process converges to a P(E)-valued limiting process. It would seem that the diffusion limit is somehow modeling an infinite collection of particles interacting in much the same fashion as their finite-population cousins, albeit at much faster rates. But, as [3] points out,

while it might be convenient in applications to think of the measure-valued diffusion as describing the evolution of a hypothetically infinite population, it is difficult to make this precise.

The point of [3], and [2] before it, is to provide infinite-particle constructions that do make this idea precise, justifying the intuition.

The technique used in those papers ultimately consists of dynamically reordering the particles of each finite Moran model of size n (without changing its empirical distribution) in such a way that the distributions of the new ordered models are consistent. That is, the ordered Moran model of size n has the same distribution as the first n particles of the ordered Moran model of size n+1. This implies the existence of an infinite ordered particle system with a natural embedding of each finite Moran model of size n: the initial n particles from the infinite system form an ordered Moran model, and a random permutation of those n particles forms the usual symmetric Moran model. The infinite ordered model, it should be noted, carries the limiting measure-valued diffusion process as its limiting empirical measure.

We wish to produce a similar construction for our spatially structured models. The key idea is the modification of this technique used in [1] and [8]. In short, we assign an iid, continuous random variable—a level—to each particle. The usual linear ordering ≤ of the levels gives an almost surely linear ordering of the particles since, almost surely, no two particles share the same level. The levels are assigned independently of the particles’ initial locations and types. Unlike the locations and types, the levels remain constant over time.

In the remainder of this section, we will construct an ordered analogue Υ_n of the symmetric model Υ̃_n with finite density K. The primary importance of Υ_n lies in its relation to the original model Υ̃_n, so in Section 2.2, we will establish that, ignoring the levels, the two models share the same empirical location/type distribution. We will do this by means of a coupling argument using the filtered martingale problem machinery of [7]. In Section 2.3, we will construct an infinite-density ordered model without selection.

Fix some n ∈ N and K > 0, and let X^{(n)}(0) and Z^{(n)}(0) be given. As in the previous chapter, take fW^Z_j g to be iid simple, symmetric, rate 1 random walks, fN^λ_{ij}g and fN̄^σ_{ij}g to be iid rate 1 Poisson counting processes, fY_{jk}g to be iid copies of the mutation process Y, and fζ_{jk}g to be iid uniform on [0, 1]. Let fU_j : j ∈ Ng be iid uniform on [0, K] such that ( X^{(n)}(0), Z^{(n)}(0) ) , fW^Z_j g, fN^λ_{ij}g, fN̄^σ_{ij}g, fY_{jk}g, fζ_{jk}g, and fU_jg are mutually independent.

Consider the location/type/level process (X^{(n)}, Z^{(n)}, U) where the location process X^{(n)} is defined as in equation (1.3) and the level “process” U is constant U ≡ (U_j) over time.

We will construct the type process Z^{(n)} in the much the same manner as we constructed Z̃^{(n)} in Section 1.3. Define neutral and potential selective event counting processes by V^{(n),λ}_{ij} (t) := 1_{fUi<Ujg}N^λ_{ij} ( λ ∫_t 0 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}ds ) (2.1) V̄^{(n),σ}_{ij} (t) := N̄^σ_{ij} ( σ̄ ∫_t 0 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}ds ) (2.2)

and, in the notation of Remark 1.3.2, define the type process Z^{(n)} by (Z^{(n)}, V, τ, γ, ι) := T(Z^{(n)}(0), Y, V^{(n),λ}, V̄^{(n),σ}, ζ, σ̄^{-1}σ) Note that we will have existence and uniqueness of such a Z under the conditions of Remark 1.3.1.

Observe that, if we define the actual selective event counting processes by V^{(n),σ}_{ij} (t) := ∑ k=1 1_{fτjk≤tg}1_{fγjk=ig}1_{fιjk=0g}1^⟨_{ζjk≤σ̄-1σ}^(_Z(n)_{i (τjk-),Z}(n)_{j (τjk-)}^{)⟩} then these processes satisfy V^{(n),σ}_{ij} (t) = N^σ_{ij} (∫_t 0 σ ( Z^{(n)}_i (s), Z^{(n)}_j (s) ) 1_{fX}(n)_{i (s)=X}(n)_{j (s)g}ds ) (2.3)

for iid, rate 1 Poisson counting processes N^σ_{ij} independent of other aspects of the model. In the case without mutation, the type process Z^{(n)} satisfies

Z^{(n)}_j (t) = Z^{(n)}_j (0) + ∑ i≠j ∫_t 0 ( Z^{(n)}_i (s-) - Z^{(n)}_j (s-) ) d ( V^{(n),λ}_{ij} (s) + V^{(n),σ}_{ij} (s) )

Comparing equations (1.4) and (1.9) with (2.1) and (2.3) respectively, we see that, while selective reproduction events occur analogously to those in the model of Section 1.3, neutral reproduction events between a pair of particles occur at twice the rate but only in one direction: the particle with the lower level replaces the particle with the higher level or, equivalently, the particle with the higher level “looks down” to copy the lower-level particle’s type.

The generator for (X^{(n)}, Z^{(n)}, U) is given by A_nf(x, z, u) := ∑ j B^θ_{n,j}f(x, z, u) + ∑ j B^μ_j f(x, z, u) + ∑ i≠j x_i=x_j ( λ1_{fui<ujg} + σ(z_i, z_j) ) ( f ( x, η_j(zjz_i), u ) - f(x, z, u) ) (2.4)

We will write this model as Υ_n so that, for initial location and type vectors X_0 and Z_0 respectively, we have

Υ_n(X_0, Z_0, K) := (X^{(n)}, Z^{(n)}, U)

Note that we have explicitly made K, which determines the distribution of U, a parameter of the model.

Consider the special case for initial location/type distribution described in Section 1.3. If we take ν^{(n)}_0 to be a measure on location/type space n^{-1}Z × E with marginal location measure ν^{(n)}_0 (· × E) = ∑ x∈n^{-1}Z 1 n δ_x and let (X_0, Z_0) be some indexing of the points of a Poisson point process with mean measure Kν^{(n)}_0 (so that K may once again be interpreted as the particle density), then (X_0, Z_0, U) is an indexing of the points of a Poisson point process with mean measure ν^{(n)}_0 × ℓ_{[0,K]}. Moreover, by an argument similar to the proof of Corollary 1.3.3, the location/level process (X^{(n)}(t), U) is stationary in t, having distribution Poisson (∑ x∈n^{-1}Z 1 n δ_x × ℓ_{[0,K]} ) . 2.2 Coupling to the Stepping Stone Moran Model

In this section we will establish that, for a fixed density K > 0, the models Υ̃_n and Υ_n have the same empirical particle location/type distribution. More precisely, we will prove the following.

Proposition 2.2.1. Fix K > 0, and let X^{(n)}, Z̃^{(n)}, Z^{(n)}, and U be defined as in Sections 1.3 and 2.1 so that (X^{(n)}, Z̃^{(n)}) = Υ̃_n(X_0, Z_0) and (X^{(n)}, Z^{(n)}, U) = Υ_n(X_0, Z_0, K) Assume the X_0 are such that the conditions of Remark 1.3.1 hold.

If we define empirical location/type processes Γ̃_t = ∑ j δ_{(X}(n)_{j (t),Z̃}(n)_{j (t))} Γ_t = ∑ j δ_{(X}(n)_{j (t),Z}(n)_{j (t))}

then we have Γ̃ =^d Γ, as measure-valued processes.

To prove this, we will require the following theorem.

Theorem 2.2.2. Let E, E_1, and E_2 be separable metric spaces, and let γ_1 and γ_2 be maps E^{γ1}−) E_1 × E_2^{γ2}−) E_1 where γ_1 is continuous and γ_2(x, u) = x is the projection map.

Let A ⊆ B(E) × B(E) be given. Suppose ffl There exists A_1 with D(A_1) = fh : h ∘ γ_1 ∈ D(A)g such that A(h ∘ γ_1) = (A_1h) ∘ γ_1 for all h ∈ D(A_1);

ffl There exists A_2 such that ∫ A_1h(x, u)π(du) = A_2 ∫ h(x, u)π(du) for some π ∈ P(E_2) and all h ∈ D(A_1).

Fix ν_1 ∈ P(E_1). Let Y be a càdlàg solution to the martingale problem for (A_2, ν_1). Let Z be a càdlàg solution to the martingale problem for (A, μ) for some μ ∈ P(E) such that ν_1 × π = μ ∘ γ^{-1}_1 .

If A_1 satisfies the conditions of [7] Theorem 2.6 and uniqueness holds for the martingale problem for (A_1, ν_1 × π), then Y =^d γ_2 ∘ γ_1 ∘ Z.

Proof. Define the P(E_1 × E_2)-valued process π̃ by π̃_t(A, B) := 1_{fY(t)∈Ag}π(B) for all A ∈ B(E_1) and B ∈ B(E_2). Writing f̄(y) := ∫ f(y, u)π(du), we see that for any f ∈ D(A_1), ∫ f (Y(t), u)π(du) - ∫_t 0 ∫ A_1f (Y(s), u)π(du)ds = f̄ (Y(t)) - ∫_t 0 A_2f̄ (Y(s))ds is an fF^Y_t g-martingale by the definition of Y. Therefore, (Y, π̃) is a solution to the filtered martingale problem for (A_1, ν_1 × π, γ_2).

Since A_1 satisfies the conditions of [7] Theorem 2.6, by [7] Theorem 3.2, there exists a solution (X̃, Ũ) to the martingale problem for (A_1, ν_1 × π) such that X̃ =^d Y.

By the definition of Z, for all f ∈ D(A_1) we have

f (γ_1 ∘ Z(t)) - ∫_t 0 A_1f (γ_1 ∘ Z(s)) ds = f ∘ γ_1 (Z(t)) - ∫_t 0 (A(f ∘ γ_1)) (Z(s)) ds is an fF^Z_t g-martingale and so an fF^{γ1∘Z}_t g-martingale. It follows that γ_1 ∘ Z(t) is a càdlàg solution to the martingale problem for (A_1, ν_1 × π).

Since, by assumption, uniqueness holds for this martingale problem, we must have (X̃, Ũ) =^d γ_1 ∘ Z, and so Y =^d γ_2 ∘ γ_1 ∘ Z.

Proof of Proposition 2.2.1. The conditions of Remark 1.3.1 imply that there is a unique solution Φ ∈ Z to the system of equations

Φ_j(t) = j + ∑ i≠j ∫_t 0 (Φ_i(s-) - Φ_j(s-)) ^V^{(n)}_{Φi(s-),Φj(s-)}(ds) (2.5) where the ^V^{(n)}_{ij} are given by

^V^{(n)}_{ij} (t) := V^{(n),λ} ij (t) ∑ l=1 ξ_{ijl} for ξ_{ijl} iid random variables, independent of other aspects of the model, that take values 0 and 1 each with probability 1/2.

Moreover, for each t, we have j ) Φ_j(t) a permutation. Thus, Φ starts out as the identity permutation, and when an (ordered) neutral reproductive event occurs at time t between particles indexed by Φ_i(t-) and Φ_j(t-), half the time these indices are swapped (so that Φ_i(t) = Φ_j(t-) and Φ_j(t) = Φ_i(t-)), and half the time they are left unchanged.

Now, consider application of Theorem 2.2.2 to the maps

(X^{(n)}, Z^{(n)}, U, Φ)^{γ1}−) (X^{(n)}_Φ , Z^{(n)}_Φ , U_Φ)^{γ2}−) (X^{(n)}_Φ , Z^{(n)}_Φ )

(where by X^{(n)}_Φ we mean the process X^{(n)}_Φ (t) = (X^{(n)}_{Φ1(t)}(t), X^{(n)}_{Φ2(t)}(t), . . . ) and so forth). Take the spaces to have metrics based on d(x, y) := ∑ i=1 1_{fxi≠yig} 2^i for the X, Z, and Φ components and d(u, v) := ∑ i=1 ju_i-v_ij 2^i for the U

components. Take the generators to be Af(x, z, u, ϕ) := ∑ j B^θ_{n,j}f(x, z, u, ϕ) + ∑ j B^μ_j f(x, z, u, ϕ)

+ ∑ u_i<u_j x_i=x_j z_i≠z_j λ ( f ( x, η_{ij}(z), u, ϕ ) + f ( x, η_{ij}(z), u, ϕ_{ĩj} ) 2 - f(x, z, u, ϕ) )

+ ∑ x_i=x_j z_i≠z_j σ(z_i, z_j) ( f ( x, η_{ij}(z), u, ϕ ) - f(x, z, u, ϕ) )

with η_{ij}(z) := η_j(zjz_i) and ϕ_{ĩj} equal to the permutation ϕ with the unique components having values i and j switched; A_1h(x, z, u) := ∑ j B^θ_{n,j}h(x, z, u) + ∑ j B^μ_j h(x, z, u)

+ ∑ u_i<u_j x_i=x_j z_i≠z_j λ ( h ( x, η_{ij}(z), u ) + h ( x, η_{ij}(z), u_{ij} ) 2 - h(x, z, u) )

+ ∑ x_i=x_j z_i≠z_j σ(z_i, z_j) ( h ( x, η_{ij}(z), u ) - h(x, z, u) )

where u_{ij} is equal to u with u_i and u_j swapped; and A_2 := Ã_n, as defined in (1.1). Finally, take π to be iid uniform on [0, K] over all components.

Let ν_1 = P ( X^{(n)}(0), Z^{(n)}(0) )_{-1} . Then, (X^{(n)}, Z̃^{(n)}) is a solution to the martingale problem for (A_2, ν_1). Moreover, (X^{(n)}, Z^{(n)}, U, Φ) is a solution to the martingale problem for (A, μ) where μ := ν_1 × π × δ_{id} for δ_{id} the probability mass of 1 on the identity permutation id: Z ) Z. Note ν_1 × π = μ ∘ γ^{-1}_1 .

To apply Theorem 2.2.2, it remains to show that A_1 satisfies the conditions of [7] Theorem 2.6 and that uniqueness holds for the martingale problem for (A_1, ν_1 × π). With regards to the conditions on A_1, by Hypothesis 1.3.1, we have a solution Y to the martingale problem (B^μ, δ_y) for all y implying that B^μ is a pre-generator. We also have B^μ closed under multiplication. It follows that A_1 is a pre-generator closed under multiplication. We need only establish that A_1 satisfies a separability hypothesis [7, Hypothesis 2.4] (which holds, for example, if we assume that E is locally compact and that B^μ maps continuous functions with compact support to continuous functions with compact support) and that D(A_1) separates points.

With regards to the uniqueness condition, we will not show that it holds in this paper, but note that for any solution to (A_1, ν_1 × π), we can recover—by observing changes to particle levels—a corresponding solution to (A_n, ν_1 × π) for the generator A_n of (2.4). Thus, uniqueness for this latter problem implies uniqueness for the former.

Application of Theorem 2.2.2 gives

(X^{(n)}, Z̃^{(n)}) =^d (X^{(n)}_Φ , Z^{(n)}_Φ )

However, as Φ is permutation-valued, we have

Γ_· = ∑ j δ_{(X}(n)_{j (·),Z}(n)_{j (·))} = ∑ j δ_{(X}(n)_{Φj(·)(·),Z}(n)_{Φj(·)(·))} =^d ∑ j δ_{(X}(n)_{j (·),Z̃}(n)_{j (·))} = Γ̃_·

as required.

2.3 Infinite-Density Neutral Model

Now, let us consider an infinite-density version of the ordered model Υ_n described in Section 2.1 but without selection (taking σ ≡ 0).

Fix some n ∈ N, and as in Sections 1.3 and 2.1, let ν^{(n)}_0 be a measure on location/type space n^{-1}Z × E with marginal location measure ν^{(n)}_0 (· × E) = ∑ x∈n^{-1}Z 1 n δ_x. Let the initial location, types, and levels (X^{(n)}(0), Z^{(n)}(0), U) be some indexing of the points of a Poisson point process with mean measure ν^{(n)}_0 ×ℓ_R+ . As in Section 2.1, let fW^Z_j g be iid simple, symmetric, rate 1 random walks, let fN^λ_{ij}g be iid rate 1 Poisson counting processes, and let fY_{jk}g be iid copies of the mutation process Y such that ( X^{(n)}(0), Z^{(n)}(0), U ) , fW^Z_j g, fN^λ_{ij}g, and fY_{jk}g are mutually independent.

Consider the location/type/level process (X^{(n)}, Z^{(n)}, U) where the location process X^{(n)} is defined as in equation (1.3) and the level “process” U is constant. Define neutral event counting processes V^{(n),λ} as in (2.1), and let the type process Z^{(n)} be given by (Z^{(n)}, V, τ, γ, ι) := T(Z^{(n)}(0), Y, V^{(n),λ}, 0, 0, 0) in the notation of Remark 1.3.2.

Remark 2.3.1. Note that existence and uniqueness of such a Z^{(n)} is a more serious question here than in the earlier finite-density models. Fortunately, even though each particle j occupies a site together with an infinite number of other particles, only a small number (specifically, a Poisson number with mean U_j/n) will have levels lower than j’s at any one time. Thus, the argument outlined in Remark 1.3.1 applies. It is possible to establish that the V_j have no explosions and that the collection of all (lower level) particles that might have influenced the value of Z^{(n)}_j (T) for any fixed T is finite. The existence and uniqueness then follow.

In contrast, note that if we had included selection in the form of the potential selective event counting processes given by (2.2), this argument would not apply. Since selective events are unordered, every particle would be subject to infinitely many potential selective type changes in every finite time interval. In general, there would be no solution Z^{(n)}.

We will consider how selection may be introduced into infinite-density models in Section 3.2 of the next chapter.

Note that, in the case without mutation, the type process Z^{(n)} satisfies

Z^{(n)}_j (t) = Z^{(n)}_j (0) + ∑ i 1_{fUi<Ujg} ∫_t 0 ( Z^{(n)}_i (s-) - Z^{(n)}_j (s-) ) dV^{(n),λ}_{ij} (s) (though the indicator 1_{fUi<Ujg} is redundant as it already included in the definition of the V^{(n),λ}_{ij} ).

The generator A_{n,λ} for (X^{(n)}, Z^{(n)}, U) is the A_n of (2.4) but with σ ≡ 0, giving A_{n,λ}f(x, z, u) := ∑ j B^θ_{n,j}f(x, z, u) + ∑ j B^μ_j f(x, z, u) + ∑ i≠j x_i=x_j λ1_{fui<ujg} ( f ( x, η_j(zjz_i), u ) - f(x, z, u) )

For initial location, type, and level vectors (X_0, Z_0, U), we will write Υ_{n,λ}(X_0, Z_0, U) := (X^{(n)}, Z^{(n)}, U) The following proposition is immediate from the construction of the models Υ_n and Υ_{n,λ}.

Proposition 2.3.1. In the neutral case (σ ≡ 0), let (X, Z, U) = Υ_{n,λ} ( Poisson(ν^{(n)}_0 × ℓ_R+ ) ) be the infinite density model of the present section.

For any K > 0, if we take

(X^′, Z^′, U^′) = Υ_n ( Poisson(Kν^{(n)}_0 ), K ) a realization of the K-density model of Section 2.1, then we have ∑ j δ_{(X} ′_{j,Z} ′_{j ,U} ′_{j)} =^d ∑ U_j≤K δ_{(Xj,Zj,Uj)}

Combining the results of Propositions 2.2.1 and 2.3.1, we have that—in the absence of selection—the infinite-density, ordered model Υ_{n,λ} of the present section, cut off at level K, has the same distribution, up to particle indexing, as the K-density, ordered model Υ_n of Section 2.1 and model Υ_n has the same empirical location/type distribution as the K-density, symmetric model Υ̃_n of Section 1.3. That is, the infinite-density, ordered model of the present section simultaneously embeds (symmetric) neutral Moran stepping stone models of all densities K > 0.

Now, we will turn our attention away from lattice models. In the next chapter, we will consider an ordered, infinite-density variation of the localtime interaction model Υ̃_0 of Section 1.4. It should be noted, however, that for many of the results we obtain in Chapter 3, analogous results hold for the model of the present section. The construction, in Section 3.2, of an infinite-density Brownian model with selection could be carried out for stepping-stone models, generalizing Υ_{n,λ} to the selective case. Similarly, the coupling technique of Section 3.3 can be applied to lattice models and might be used as an alternative to the generator-based method of Section 2.2. Of somewhat more interest, the limiting location/type measure obtained in Section 3.4 has an analogue in the present case and an analogous Poisson structure result to that of Theorem 3.5.3 will hold.

Chapter 3

Infinite-Density Brownian Model

“Rhythm is the basis of life, not steady forward progress. The forces of creation, destruction, and preservation have a whirling, dynamic interaction.”

— Kabbalah (circa 100–1000 A.D.)

3.1 Ordered Interacting Brownian Motions

In this chapter, we study an infinite-density, ordered Brownian motion model with particle interactions determined by local times.

In Section 1.4, we examined the limit of the (symmetric) Moran stepping stone model Υ̃_n as the site density n increased with the particle density K held constant. Recall that the particle location random walks converged to independent Brownian motions and, with the interaction parameter scalings λ = λ_0n and σ = σ_0n, the interactions between pairs of particles converged to Poisson counting processes with clocks proportional to the local times at zero of the distances between the particles. We called the resulting model, with an appropriately defined type process, model Υ̃_0.

In this section, we begin with an ordered version Υ_0 of the K-density, Brownian model Υ̃_0. In Section 3.2, we consider how to extend this model to an infinite density model Υ with selection. In Section 3.3, we show by means of an “intermediate” model construction that the K-density, ordered model Υ_0 may be coupled to the K-density, symmetric model of Section 1.4.

In Sections 3.4 and 3.5, we establish that there is a time-indexed collection of measure-valued random variables ν_t associated with Υ. Conditioned on ν_t, the points of Υ at time t are Poisson with measure ν_t ×ℓ_R+ in location/type/level space. In essence, the measure ν_t is the measure-valued limiting diffusion process for the locations and types of the ordered model, and—by the coupling results of Section 3.3—it is the measure-valued diffusion limit of the symmetric model Υ̃_0 as K ) .

We study the process ν_t more carefully in the final sections, proving a martingale characterization in Section 3.6 and establishing a tightness result—and so showing it almost surely has vaguely continuous paths—in Section 3.7. Finally, Section 3.8 contains the proof of Theorem 3.6.2, an involved calculation of the quadratic variations of the martingales studied in Section 3.6.

Let us begin by constructing an ordered version Υ_0 of the model Υ̃_0 of Section 1.4. Fix a particle density K > 0. Let ν_0 be some measure on location/type space R × E with marginal measure ν_0(· × E) equal to ℓ_R, and let the initial locations, types, and levels (X(0), Z(0), U) be some indexing of the points of a Poisson point process with mean measure ν_0 × ℓ_{[0,K]}. Let Y be the mutation process with generator B^μ described in (1.2). Let fW_j : j ∈ Ng be iid standard Brownian motions, let fN^λ_{ij}, N̄^σ_{ij} : i ≠ j ∈ Ng be iid, rate 1 Poisson counting processes, let fY_{jk} : j ∈ N, k ∈ Z^+g be iid copies of Y, and let fζ_{jk} : j ∈ N, k ∈ Z^+g be iid uniform on [0, 1] such that ( X(0), Z(0), U ) , fW_jg, fN^λ_{ij}g, fN̄^σ_{ij}g, fY_{jk}g, and fζ_{jk}g are mutually independent.

Define the location process X by

X_j := X_j(0) + √ θW_j For each ordered particle pair (i, j) with i ≠ j, let L_{ij} := L^0_t (X_i - X_j) be the local time at zero of X_i - X_j, and define the neutral and potential selective event counting process by V^λ_{ij} := 1_{fUi<Ujg}N^λ_{ij} ( λ 2θ L_{ij}(·) )

V̄^σ_{ij} := N̄^σ_{ij} ( σ̄ 2θ L_{ij}(·) )

In the notation of Remark 1.3.2, define the type process Z by (Z, V, τ, γ, ι) := T(Z(0), Y, V^λ, V̄^σ, ζ, σ̄^{-1}σ) We will write the above model as Υ_0 so that Υ_0(X_0, Z_0, U) := (X, Z, U) and we will define the empirical location/type process ξ^K by

ξ^K_t := ∑ j δ_{(Xj(t),Zj(t))} (3.1) This model has a simple geometric interpretation. We begin with a Poisson collection of particles uniformly distributed in location/level space R × [0, K]. (Projected onto the location component, of course, the particles form a K-density collection occupying the real line.) The particles engage in independent, horizontal Brownian motions, moving through location space while their levels remain constant. Neutral events between each unordered pair of particles occur according to a Poisson counting process driven by the local time of the horizontal distance between the pair. When such an event occurs, the particles are necessarily at the same location; the particle with the higher level “looks down” and copies the type of the lower-level particle. Selection events occur according to a Poisson counting process driven by an integral against the local time whose integrand takes into account the types of the particles. Unlike neutral events, selection events are unordered, so it is possible for either a lower-level particle to “look up” or a higher-level particle to “look down” to copy a type. Between interactions, the particle types are independently subject to mutation.

3.2 Infinite-Density Model with Selection

Fix K > 0, and consider the model of the last section (X, Z, U) = Υ_0(X_0, Z_0, U) for (X_0, Z_0, U) � Poisson(ν_0 × ℓ_{[0,K]}). For each j ∈ N, define the counting process V̄^σ_j := ∑ i≠j V̄^σ_{ij} which counts the total number of potential selective events directly affecting particle j. Observe that

V̄^σ_j = N̄^σ_j ( σ̄ 2θ ∑ i≠j L_{ij}(·) )

for fN̄^σ_j g iid rate one Poisson counting processes independent of other aspects of the model. Our present goal is to characterize this time change for an “arbitrary” particle j as the particle density K increases to infinity.

For these purposes, let us condition on X_0 having a particle at some arbitrary location a ∈ R. For convenience, let us take this particle to have index one, so that X_{0,1} = a. By the properties of Poisson processes, we have ∑ i≠1 δ_{X0,i} � Poisson(ℓ_R)

Fix t > 0. Define R^K := σ̄ 2θ ∑ i≠1 L_{i,1}(t) This is the time change associated with V̄^σ_1 . For each α > 0, let us define

R^K_α := σ̄ 2θ ∑ i≠1 1_{fjX0,i-X0,1j<αg}L_{i,1}(t) the total contribution to R^K made by particles whose initial locations are within α of particle one’s initial location a. Observe that ∑ i≠1 1_{fjX0,i-X0,1j<αg}δ_{(X0,i-X0,1,Wi,W1)} =^d N∑ i=1 δ_{( ^Ui, ^Wi, ^W0)} where N is Poisson with mean 2Kα, ^U_i is uniform [-α, α], and ^W_0 and ^W_i are standard Brownian motions with N, ^U_i, ^W_0, and ^W_i mutually independent. It follows that

R^K_α =^d σ̄ 2θ N∑ i=1 L^0_t ( ^U_i + √ θ( ^W_i - ^W_0))

The following property of local times will be useful here

Lemma 3.2.1. Let X_t be a semimartingale with continuous paths and local time L^a_t (X) at point a. For any σ > 0 and any b, the process σX_t + b has local time L^a_t (σX + b) at point a given by L^a_t (σX + b) = σL^{a-bσ}_t (X) Proof. By Corollary 3 of Theorem IV.51 of [10], we have

L^a_t (σX + b) = jσX_t - a + bj - jσX_0 - a + bj - σ ∫_t 0 sgn(σX_s - a + b)dX_s = σ || |X_t -^{a-b}_σ | | - | |X_0 -^{a-b}_σ | | - ∫_t 0 sgn ( X_s -^{a-b}_σ ) dX_s ‖

= σL a-b σ t (X) giving the result.

By Lemma 3.2.1, we see that

E R^K_α = σ̄K ∫_{α/}^√_{2θ} -α/ √ 2θ E l^a_t da

where l^a_t is the local time at a of a standard Brownian motion.

The following lemma and its corollary provide the missing detail.

Lemma 3.2.2. Let W_t be a standard Brownian motion with W_0 = a > 0. Then, the local time l_t at zero satisfies

E l_t = √ 2t π e^{- a22t} - 2aΦ ( - a √ t )

Proof. Tanaka’s Formula [10] states that

l_t = jW_tj - jW_0j - β_t

where β_t is a Brownian motion with β_0 = 0. Clearly then

E l_t = E jW_tj - a = √ 2t π e^{- a22t} - 2aΦ ( - a √ t )

Corollary 3.2.3. For l^a_t the local time at a of a standard Brownian motion, we have ∫ - E l^a_t da = t

Proof. Note that ∫_M -M E l^a_t da = 2 ∫_M 0 (√ 2t π e^{- a22t} - 2aΦ ( - a √ t )) da

= tΦ ( - M √ t , M √ t ) - M^2Φ ( - M √ t , M √ t )_c + Me^{-M2/2t} √ 2t π ) t Actually, this result also follows directly from Corollary 2 of Theorem IV.51 of [10], since E ∫ - l^a_t da = E[W]_t = t

Since R^K_α ⌋ R^K as α ) , it follows by the corollary that

E R^K = σ̄Kt (3.2)

Similarly, note that

E(R^K_α)^2 = σ̄^2 4θ^2 E [_N ∑ i=1 L^0_t ( ^U_i + √ θ( ^W_i - ^W_0)) ]_2

= σ̄^2 4θ^2 ( 2Kα E [ L^0_t ( ^U_1 + √ θ( ^W_1 - ^W_0) )]_2

+ (2Kα)^2 E [ L^0_t ( ^U_1 + √ θ( ^W_1 - ^W_0) ) · L^0_t ( ^U_2 + √ θ( ^W_2 - ^W_0) )])

= σ̄^2Kα θ ( E(l_{1,t})^2 + 2Kα E l_{1,t}l_{2,t} )

(3.3)

where

l_{1,t} := L^0_t ( 1 √ 2θ ^U_1 + 1√ 2 ( ^W_0 - ^W_1) )

l_{2,t} := L^0_t ( 1 √ 2θ ^U_2 + 1√ 2 ( ^W_0 - ^W_2)

) (3.4)

are local times of dependent standard Brownian motions with starting points uniformly random on [ -α/ √ 2θ, α/ √ 2θ ] . To bound the variance and covariance of these local times, we will need several results. We begin with a theorem that bounds the second moment of the local time of a Brownian motion whose starting point is uniformly distributed on a large set.

Lemma 3.2.4. Let X := X_0 +W for X_0 uniform on [-M, M] independent of the standard Brownian motion W. Let L be the local time at zero of X. Then

E(L_t)^2 ≤ v_t M √ 2t π where v_t := E(l_t)^2 < is the second moment of the local time at 0 of a standard Brownian motion.

Proof. Let a > 0. Define τ_a := infft : W_t = ag to be the hitting time of a. Writing l^a as the local time at a of W, by the strong Markov property of W, we have

E(l^a_t )^2 = E [ E [ (l^a_t )^2 | | F^W_{τa} ]] ≤ v_t E 1_{fτa<tg} = v_t P( | | √ tZ | | > a) for Z a standard normal random variable.

It follows that

E(L_t)^2 = 1 2M ∫_M -M E(l^a_t )^2da ≤ v_t M √ t ∫_{M/}^√_t 0 P(jZj > a)da ≤ v_t M √ t E jZj

giving the result.

We will now need the following technical lemma.

Lemma 3.2.5. Let U = ∫ XdY for jXj ≤ C and Y a continuous, square integrable martingale. For any p ≥ 2, we have

E sup_{s≤t} jU_sj^p ≤ b_pC^p E[Y, Y]^{p/2}_t

where b_p = ⟨ q^p (_{p(p-1)} 2 )⟩_{p/2} . Proof. As X is bounded, U is a continuous, square integrable martingale. Therefore, by Burkhölder’s Inequality [10, Theorem IV.54], we have

E sup_{s≤t} jU_sj^p ≤ b_p E (∫_t 0 X^2_s d[Y, Y]_s )_{p/2}

≤ b_pC^p E[Y, Y]^{p/2}_t

Next, we show uniform integrability for a certain sequence of integrals.

Lemma 3.2.6. For δ > 0, let X and Y be continuous, square-integrable martingales such that E[X, X]^{1+δ}_t , E[Y, Y]^{1+δ}_t , E X^{2+2δ}_0 , and E Y^{2+2δ}_0 are finite. Define

Z_n := n^2 ∫_t 0 1_{fXs∈(0,1/n)g}d[X]_s ∫_t 0 1_{fYs∈(0,1/n)g}d[Y]_s Then, we have sup_n E Z^{1+δ}_n < . In particular, the Z_n are uniformly integrable.

Proof. Fix n. Let ϕ_a be defined by

ϕ_a(x) :=

-(1 - a)x, x ≤ 0; n^2x^3 3a - (1 - a)x 0 ≤ x ≤^a_n ; n ( x -^1_n ) x +^{a2}_{3n} ,^a_n ≤ x ≤^{1-a}_n ;

n^2(^1_n -x)^3 3a + (1 - a) ( x -^1_n ) ,^{1-a}_n ≤ x ≤^1_n ;

(1 - a) ( x -^1_n ) ,^1_n ≤ x. Note the following properties of ϕ_a:

ffl ϕ_a ∈ C^2(R);

ffl jϕ_a(x)j ≤ jxj;

ffl jϕ^′_a(x)j ≤ 1;

ffl ϕ^{′′}_a(x) ≥ 0 increases to a limit 2n1_{(0,} 1_{n )}(x) as a ) 0.

Let p = 2 + 2δ. By Lemma 3.2.5, E | | | ∫_t 0 ϕ^′_a(X_s)dX_s | | | p ≤ b_p E[X, X]^{1+δ}_t Thus, by the Monotone Convergence Theorem, Itô’s formula, and the Minkowski Inequality, we have ‖ ‖ ‖ ∫_t 0 n1_{fXs∈(0,1/n)g}d[X]_s ‖ ‖ ‖ p = lim_{a)0} ‖ ‖ ‖1 2 ∫_t 0 ϕ^{′′}_a(X_s)d[X]_s ‖ ‖ ‖ p = lim_{a)0} ‖ ‖ ‖ϕ^a(X^t) - ϕ^a(X^0) - ∫_t 0 ϕ^′_a(X_s)dX_s ‖ ‖ ‖_p ≤ ‖X_t‖_p + ‖X_0‖_p + ( b_p E[X, X]^{1+δ}_t )_{1/p} An analogous result holds for Y, so we may conclude by the Hölder Inequality that E Z^{1+δ}_n ≤ ( ‖X_t‖_p + ‖X_0‖_p + ( b_p E[X, X]^{1+δ}_t )_{1/p})1+δ ( ‖Y_t‖_p + ‖Y_0‖_p + ( b_p E[Y, Y]^{1+δ}_t )_{1/p})1+δ

The expression on the right is independent of n. By hypothesis, ‖X_0‖_p, ‖Y_0‖_p, E[X, X]^{1+δ}_t , and E[Y, Y]^{1+δ}_t are finite, and by Burkhölder’s Inequality, this implies ‖X_t‖_p and ‖Y_t‖_p are finite. Therefore, we have the result.

Finally, we are ready to give the following result, bounding the covariance of local times of correlated Brownian motions having uniform starting points on a large set.

Lemma 3.2.7. Let (X, Y) be a two-dimensional Brownian motion with X_0 and Y_0 iid uniform on [-M, M] and quadratic variations [X, X]_t = [Y, Y]_t = t and [X, Y] = ρt for some ρ ∈ [-1, 1]. Let L and K be the local times at zero of X and Y respectively. Then, 1 - t M^2 ≤ 4M^2 t^2 E L_tK_t ≤ 1 Proof. Fix t. By Corollary 3 of Theorem IV.55 of [10], we have

L_tK_t = lim_{n)} Z_n

where Z_n = n^2 ∫_t 0 ∫_t 0 1_{(0,} 1_{n )}(X_s)1_{(0,} 1_{n )}(Y_r)ds dr

By Lemma 3.2.6, the Z_n are uniformly integrable, so by Tonelli’s theorem, we have

E L_tK_t = lim_{n)} E Z_n = lim_{n)} ∫_t 0 ∫_t 0 n^2 P (X_s ∈ (0, 1/n), Y_r ∈ (0, 1/n)) ds dr = lim_{n)} ∫_t 0 ∫_t 0 ds dr ∫∫ [-M,M]^2 dx × dy 4M^2 n^2 P ( 0 ≤ Z_1 ≤ 1 n , 0 ≤ Z_2 ≤ 1 n )

for (Z_1, Z_2)^′ � N ((x, y)^′, Σ) where Σ = (_{s ρ(s^r)} ρ(s^r) r ) . Note that n^2 P (Z_1 ∈ (0, 1/n), Z_2 ∈ (0, 1/n)) ⌋ ϕ ((x, y)^′, Σ) for ϕ(·, Σ) the density of N(0, Σ), so by the Monotone Convergence Theorem, we have

E L_tK_t = ∫_t 0 ∫_t 0 ds dr ∫∫ [-M,M]^2 dx × dy 4M^2 ϕ ((x, y)^′, Σ) However, by Markov’s Theorem, for (U, V)^′ � N(0, Σ), we have ∫∫ R^2n[-M,M]^2 dx × dy ϕ ((x, y)^′, Σ) ≤ P(jU + Vj > 2M) ≤ E(U + V)^2 4M^2 ≤ t M^2 for all s, r ≤ t. Therefore, we have 1 - t M^2 ≤ ∫∫ [-M,M]^2 dx × dy ϕ ((x, y)^′, Σ) ≤ 1 and the result follows.

Now, applying Lemmas 3.2.4 and 3.2.7 to the task at hand, we see that for the l_{1,t} and l_{2,t} of (3.4), we have

0 ≤ E(l_{1,t})^2 ≤ 2v_t α √ θt π and θt^2 2α^2 ( 1 - 2θt α^2 ) ≤ E l_{1,t}l_{2,t} ≤ θt^2 2α^2 Therefore, by (3.3), we have σ̄^2t^2K^2 ( 1 - 2θt α^2 ) ≤ E(R^K_α)^2 ≤ σ̄^2t^2K^2 + 2σ̄^2Kv_t √ t πθ and so, letting α ) , we have

σ̄^2t^2K^2 ≤ E(R^K)^2 ≤ σ̄^2t^2K^2 + 2σ̄^2Kv_t √ t πθ

If we take some per-particle selection rate function and upper bound 0 ≤ σ_0(·, ·) ≤ σ̄_0 and let σ := σ_0/K and σ̄ := σ̄_0/K, then

σ̄^2_0t^2 ≤ E(R^K)^2 ≤ σ̄^2_0t^2 + 2σ̄^2_0 v_t K √ t πθ −)_{K)} σ̄^2_0t^2 Together with (3.2), this implies that R^{K L2}−)_{K)} σ̄_0t That is, the per-particle potential selective event processes V̄^σ_j are, in the infinite-density limit, iid Poisson counting processes with constant rate σ̄_0.

This motivates the following construction of an infinite-density, ordered Brownian motion model with per-particle, constant-rate Poisson potential selective event counting processes.

As in the previous section, let ν_0 be some measure on location/type space R × E with marginal measure ν_0(· × E) equal to ℓ_R, and let the initial locations, types, and levels (X(0), Z(0), U) be some indexing of the points of a Poisson point process with mean measure ν_0 × ℓ_R+ . Let fW_j : j ∈ Ng be iid standard Brownian motions, let fN^λ_{ij} : i ≠ j ∈ Ng and fN̄^σ_j : j ∈ Ng be iid, rate 1 Poisson counting processes, let fY_{jk} : j ∈ N, k ∈ Z^+g be iid copies of the mutation process Y, and let fζ_{jk}, η_{jk} : j ∈ N, k ∈ Z^+g be iid uniform on [0, 1] such that ( X(0), Z(0), U ) , fW_jg, fN^λ_{ij}g, fN̄^σ_j g, fY_{jk}g, fζ_{jk}g, and fη_{jk}g are mutually independent.

Define the location process X by

X_j := X_j(0) + √ θW_j let L_{ij} = L^0_t (X_i - X_j) be the local time at zero of X_i - X_j, and define the per-pair neutral event counting process by V^λ_{ij}(t) := 1_{fUi<Ujg}N^λ_{ij} ( λ 2θ L_{ij}(t) )

For each j, define the per-particle potential selective event counting process by V̄^σ_j (t) := N̄^σ_j (σ̄t) and define the counting process

V_j := ∑ i≠j V^λ_{ij} + V̄^σ_j which counts all neutral and potential selective reproduction events directly affecting particle j. For k ∈ N, let τ_{jk} be the kth jump time of V_j, and define

γ_{jk} := ∑ i≠j iΔV^λ_{ij}(τ_{jk}) ι_{jk} := ∑ i≠j ΔV^λ_{ij}(τ_{jk}) Almost surely, the summations γ_{jk} and ι_{jk} have at most one non-zero term. If τ_{jk} corresponds to a neutral event (ι_{jk} = 1), then γ_{jk} gives the index of the particle with which particle j interacts. (In the case that τ_{jk} represents a potential selective event, we have ι_{jk} = γ_{jk} = 0.)

With the conventions τ_{j,0} := 0, γ_{j,0} := j, ι_{j,0} := 1, and Z_j(0-) := Z_j(0), we define the type process Z to be the unique solution of the system of equations Z_j(t) = Y_{jk} ( ϕ ( ι_{jk}Z_{γjk} (τ_{jk}-) + (1 - ι_{jk})ψ_{jk}, Z_j(τ_{jk}-), ι_{jk}, ζ_{jk} ) , t - τ_{jk} ) , τ_{jk} ≤ t < τ_{j,k+1} where ϕ is defined as in (1.7) and ψ_{jk} are E-valued solutions to the equations

ψ_{jk} = ψ(ξ_{τjk-}, X_j(τ_{jk}-), η_{jk}) (3.5)

where ψ is some (deterministic) measurable function and ξ is the empirical location/type/level process given by

ξ_t := ∑ j δ_{(Xj(t),Zj(t),Uj)} (3.6)

Remark 3.2.1. In the neutral case (σ ≡ 0), the considerations of Remark 2.3.1 are relevant. In fact, for the initial distribution described here, the techniques used in the proofs of Section 3.3 may be used to establish existence and uniqueness of Z, and the formulation above is equivalent to taking (Z, V, τ, γ, ι) := T(Z(0), Y, V^λ, 0, 0, 0) in the notation of Remark 1.3.2.

Remark 3.2.2. As in Remark 1.3.2, we will introduce a special notation for the type-definition procedure used above. If we write (z, ξ, v, τ, γ, ι, ψ) := T^′(z_0, x, u, y, v^λ, v̄^σ, ζ, η, σ̄^{-1}σ) we mean to indicate that we are defining v by v_j := ∑ i≠j v^λ_{ij} + v̄^σ_j defining τ_{jk} to be the ordered jump times of v_j; defining γ and ι by γ_{jk} := ∑ i≠j iΔv^λ_{ij}(τ_{jk}) ι_{jk} := ∑ i≠j Δv^λ_{ij}(τ_{jk})

adopting the conventions τ_{j,0} := 0, γ_{j,0} := j, ι_{j,0} := 1, and z_j(0-) := z_j(0); and finally defining z, ξ, and ψ as the unique solution to z_j(t) = y_{jk} ( ϕ ( ι_{jk}z_{γjk} (τ_{jk}-) + (1 - ι_{jk})ψ_{jk}, z_j(τ_{jk}-), ι_{jk}, ζ_{jk} ) , t - τ_{jk} ) , τ_{jk} ≤ t < τ_{j,k+1} with ψ_{jk} = ψ(ξ_{τjk-}, x_j(τ_{jk}-), η_{jk}) and ξ_t = ∑ j δ_{(xj(t),zj(t),uj)} In particular, the above formulation could have been written (Z, ξ, V, τ, γ, ι, ψ) := T^′(Z(0), X, U, Y, V^λ, V̄^σ, ζ, η, σ̄^{-1}σ) (3.7)

We have not specified the form of the function ψ, but the implication is that ψ uses the random input η_{jk} to pick a type from the type distribution of particles “at” particle j’s present location X_j(τ_{jk}). Of course, almost surely, there are no particles “at” X_j(τ_{jk}) besides j itself, but there are ways of making this notion precise, although we will not discuss it in this version of the paper.

We will write the above model as Υ so that Υ(X_0, Z_0, U) := (X, Z, U) The geometric interpretation of Υ is similar to that of Υ_0. We begin with a Poisson collection of particles uniformly distributed in locationlevel space R × R^+ . Projected onto the location component, the particles may be viewed as an infinite-density collection occupying the real line. Over time, the particles perform independent, horizontal Brownian motions in the location-level space—the particles change their locations, but their levels do not change.

Each particle is assigned an initial type in the type space E: the distribution of types may depend on the particles’ locations but are independent of their levels. Neutral events occur analogously to those in model Υ_0. Each particle looks down to copy the types of lower-level particles according to Poisson counting processes driven by local times.

Each particle j experiences potential selective events according to a Poisson counting process with constant rate σ̄. When such an event occurs, a random particle type is chosen as some unspecified, deterministic function ψ of the empirical location/type/level measure, the location of particle j, and an independent random input η. Intuitively, we imagine that this type has been picked at random from the collection of all particles arbitrarily close to j in location space. According to a coin flip biased by the selective advantage the new type has over j’s present type, j either adopts the new type or keeps its present type. Between interactions, the particles mutate independently.

3.3 Coupling to the Brownian Moran Model

The particle system Υ_0 of Section 3.1 describes a K-density collection of Brownian motions that interact locally according to an ordering determined by the particles’ levels. In this section, we will show that

ξ̃^K =^d ξ^K

are equal in distribution as measure-valued processes, where ξ̃^K is the empirical location/type measure-valued process for model Υ̃_0 of Section 1.4 defined in (1.23) and ξ^K is the empirical location/type measure-valued process for model Υ_0 defined in (3.1).

We will show this by means of an intermediate ordered model with a level structure more complex than that of Υ_0. In addition, a modified version of this intermediate model will allow us to prove some important properties of the infinite-density model Υ.

To construct the intermediate model, fix K > 0, and let the following be independent:

ffl (X(0), Z(0)) some indexing of the points of a Poisson point process with mean measure Kν_0;

ffl fU_j : j ∈ Ng iid uniform on [0, K];

ffl fW_j : j ∈ Ng iid standard Brownian motions;

ffl fN^λ_{fi,jg} : i ≠ j ∈ Ng and fN̄^σ_{ij} : i ≠ j ∈ Ng iid rate one Poisson counting processes;

ffl fπ_{fi,jg,k} : i ≠ j, k ∈ Ng independent uniformly random permutations fi, jg ⌊ fi, jg; ffl fY_{jk} : j ∈ N, k ∈ Z^+g iid copies of Y;

ffl fζ_{jk} : j ∈ N, k ∈ Z^+g iid uniform on [0, 1].

Note that we have indexed N^λ_{fi,jg} and π_{fi,jg,k} by the unordered particle pairs fi ≠ jg.

Define the particle locations X̃_j := X_j(0) + √ θW_j For each unordered pair fi ≠ jg, let L_{fi,jg} := L^0_t (X̃_i - X̃_j) = L^0_t (X̃_j - X̃_i) be the local time at zero of X̃_i - X̃_j and let fT^λ_{fi,jg,k} : k ∈ Ng be the ordered jump times of the counting process V^λ_{fi,jg} defined by V^λ_{fi,jg} := N^λ_{fi,jg} ( λ 2θ L_{fi,jg} )

For each ordered particle pair (i, j) with i ≠ j, let V̄^σ_{ij} := N̄^σ_{ij} ( σ̄ 2θ L_{fi,jg} )

The following theorem completes the specification of the intermediate model by defining [0, K]-valued level processes Ũ_j and N-valued permutation processes Φ_j.

Theorem 3.3.1. Define the filtrations F_t := σ { T^λ_{fi,jg,k}, π_{fi,jg,k} : T^λ_{fi,jg,k} ≤ t, i ≠ j, k ∈ N } ^F_t := F_t _ σfU_j : j ∈ Ng For each j, we may almost surely strictly order the set of ordered pairs f(T^λ_{fi,jg,k}, π_{fi,jg,k}) : i ≠ j, k ∈ Ng by the order of their first component. Let f(T^λ_{j,k}, π_{j,k})g_k be this ordering (such that T^λ_{j,1} < T^λ_{j,2} < . . . ). Then,

1. There exist f^F_{t-}g-adapted, [0, K]-valued, left-continuous, jump processes Ũ_j satisfying

Ũ_j(t) = / U_j, 0 ≤ t ≤ T^λ_{j,1}; Ũ_{πj,l(j)}(T^λ_{j,l}), T^λ_{j,l} < t ≤ T^λ_{j,l+1}, l ∈ N.

and fF_{t-}g-adapted, N-valued, left-continuous, jump processes Φ_j satisfying Ũ_{Φj(t)}(t) = U_j for all t ≥ 0. (Note that this implies j ) Φ_j(t) is almost surely a bijection N ⌊ N for all t ∈ Q^+ and so simultaneously for all t ∈ R^+ .)

2. For each fixed t ≥ 0, conditioned on σ |∫_s 0 1_{fŨi(r)<Ũj(r)g}dV^λ_{fi,jg}(r), ∫_s 0 1_{fŨi(r)≥Ũj(r)g}dV^λ_{fi,jg}(r), 0 ≤ s < t ‖

the fŨ_j(t) : j ∈ Ng are iid uniformly distributed on [0, K]. This implies that, conditioned on σ ⟨ T^λ_{fi,jg,k} : i ≠ j, k ∈ N ⟩ , the indicators 1^⟨_{Ũi}^(_{T λfi,jg,k}^)_{<Ũj}^(_{T λfi,jg,k}^{)⟩} are iid coin flips.

We will prove Theorem 3.3.1 by means of the following lemma.

Lemma 3.3.2. Let τ ⊆ (0, ) be a countable set of times, and let σ: τ ) P_1(N) where P_1(N) is the collection of nonempty, finite subsets of N. Let n_t := jσ_tj for all t ∈ τ. For each j ∈ N, define τ_j := ft ∈ τ : j ∈ σ_tg. For each j ∈ N and T > 0, define Σ^T_j : [0, T] ) P_1(N) by Σ^T_j (t) := fjg ∪ fi : ∃m ∈ N, ft_1 < t_2 < · · · < t_mg ⊆ τ ∩ [t, T) such that i ∈ σ_{t1} , j ∈ σ_{tm} , σ_{tl} ∩ σ_{tl+1} ≠ ∅g Note that Σ^T_j (t) is left-continuous and monotone decreasing in t.

Let fπ_t : t ∈ τg be a sequence of independent, uniformly random permutations π_t(ω): σ_t ⌊ σ_t; and let fU_j : j ∈ Ng be iid, uniformly distributed on [0, K], and independent of the fπ_tg. Define the filtrations

F_t := σfπ_s : s ∈ τ ∩ [0, t]g ^F_t := F_t _ σfU_j : j ∈ Ng for all t ∈ R^+ .

Under the hypothesis that the sets τ_j ∩ [0, T] and Σ^T_j (0) are finite for all j ∈ N and T > 0, we may order each τ_j as τ_j = ft_{j,1} < t_{j,2} < . . . g, and there exist f^F_{t-}g-adapted, [0, K]-valued, left-continuous, jump processes Ũ_j satisfying

Ũ_j(t) = / U_j, 0 ≤ t ≤ t_{j,1}; Ũ_{πtj,l (j)}(t_{j,l}), t_{j,l} < t ≤ t_{j,l+1}, l ∈ N. and fF_{t-}g-adapted, N-valued, left-continuous, jump processes Φ_j satisfying Ũ_{Φj(t)}(t) = U_j for all t ≥ 0. In addition, the Ũ_j and Φ_j may be taken to be deterministic (measurable) functions of τ, σ, π_t, and U_j.

Furthermore, for each t ∈ τ, let ρ_t be the random ranks of fŨ_j(t) : j ∈ σ_tg such that ρ_t(ω): σ_t ) f1, . . . , n_tg. Then, for all T > 0, fŨ_j(T)g_{j∈N} conditioned on σfρ_t : t ∈ τ ∩ [0, T)g are iid, uniformly distributed on [0, K]. In particular, fρ_t : t ∈ τg are mutually independent, each uniformly random over the permutations σ_t ⌊ f1, 2, . . . , n_tg.

Proof. Fix T > 0, σ^′ ∈ P_1(N), and finite τ^′ ⊆ τ ∩ [0, T).

Define σ_⋆ := σ^′ ∪ (∪_{t∈τ} ′ σ_t) and Σ^T_{σ⋆} (t) := ∪_{j∈σ⋆} Σ^T_j (t) Note that σ_⋆ is finite, so Σ^T_{σ⋆} (0) is finite with Σ^T_{σ⋆} (t) monotone decreasing in t. Write Σ_⋆ = Σ^T_{σ⋆} .

Let us define a set of times

τ_⋆ := ft ∈ τ ∩ [0, T) : σ_t ∩ Σ_⋆(t) ≠ ∅g = ft ∈ τ ∩ [0, T) : σ_t ⊆ Σ_⋆(t)g

Note that τ_⋆ ⊆ ∪_{j∈Σ⋆(0)} (τ_j ∩ [0, T]) and thus τ_⋆ is finite. Therefore, we may order it as

τ_⋆ = ft_1 < t_2 < · · · < t_mg

Define t_{m+1} = T.

Now, working inductively for l = 1, . . . , m + 1, we will define

ffl [0, K]-valued random variables Ũ_j(t_l) for all j ∈ Σ_⋆(t_l); and ffl Σ_⋆(t_l)-valued random variables Φ_j(t_l) for all j ∈ Σ^′(t_l) where Σ^′(t_l) := fj : ∃j^′ ∈ Σ_⋆(t_l), Ũ_j ′ (t_l) = U_jg ⊆ Σ_⋆(0)

satisfying the inductive hypothesis:

ffl Ũ_{Φj(tl)}(t_l) = U_j for all j ∈ Σ^′(t_l);

ffl Ũ_j(t_l) are iid uniformly distributed on [0, K] and ^F_{tl-}-measurable;

ffl Φ_j(t_l) are F_{tl-}-measurable;

ffl the random ranks ρ_{tk} of {~ U_j(t_k) : j ∈ σ_{tk} ⊆ Σ_⋆(t_k) } are iid uniformly random permutations σ_t ⌊ f1, . . . , n_{tk} g for all k ≤ l - 1; ffl {~ U_j(t_l) : j ∈ Σ_⋆(t_l) } and fρ_{tk} : k = 1, . . . , l - 1g are mutually independent.

Initially, define Ũ_j(t_1) := U_j and Φ_j(t_1) := j for all j ∈ Σ_⋆(t_1). Then, the inductive hypothesis is satisfied for l = 1.

Suppose the hypothesis is satisfied for l. For all j ∈ Σ_⋆(t_{l+1}), define

Ũ_j(t_{l+1}) := / Ũ_{πtl (j)}(t_l), j ∈ Σ_⋆(t_{l+1}) ∩ σ_{tl} ; Ũ_j(t_l), j ∈ Σ_⋆(t_{l+1}) n σ_{tl} .

and for all j ∈ Σ^′(t_{l+1}) define

Φ_j(t_{l+1}) := / π^{-1}_{tl} (Φ_j(t_l)), Φ_j(t_l) ∈ σ_{tl} ; Φ_j(t_l), Φ_j(t_l) ∉ σ_{tl} .

Note we have Φ_j(t_{l+1}) ∈ Σ_⋆(t_{l+1}) and Ũ_{Φj(tl+1)}(t_{l+1}) = U_j: for, if Φ_j(t_l) ∉ σ_{tl} , then Φ_j(t_{l+1}) = Φ_j(t_l) ∈ Σ_⋆(t_l) n σ_{tl} ⊆ Σ_⋆(t_{l+1}) n σ_{tl} implying Ũ_{Φj(tl+1)}(t_{l+1}) = Ũ_{Φj(tl)}(t_l) = U_j while if Φ_j(t_l) ∈ σ_{tl} , then j ∈ Σ^′(t_{l+1}) implies we have j^′ ∈ Σ_⋆(t_{l+1}) with Ũ_{j ′} (t_{l+1}) = U_j. As Ũ_{Φj(tl)}(t_l) = U_j, the uniqueness of the U_j implies j^′ ∈ σ_{tl} with π_{tl} (j^′) = Φ_j(t_l). But then,

Φ_j(t_{l+1}) = π^{-1}_{tl} (Φ_j(t_l)) = j^′ ∈ Σ_⋆(t_{l+1}) ∩ σ_{tl}

That, in turn, implies Ũ_{Φj(tl+1)}(t_l) = Ũ_{πtl (j ′)}(t_l) = Ũ_{Φj(tl)}(t_l) = U_j

Noting that ρ_{tl} is measurable with respect to σfŨ_j(t_l) : j ∈ σ_{tl} g, we have E ∏ j∈Σ_⋆(t_{l+1}) h_j(Ũ_j(t_{l+1})) l∏ k=1 g_k(ρ_{tk} )

= E ∏ j∈Σ_⋆(t_{l+1})nσ_{tl} h_j(Ũ_j(t_l)) ∏ j∈Σ_⋆(t_{l+1})∩σ_{tl} h_j(Ũ_{πtl (j)}(t_l)) l∏ k=1 g_k(ρ_{tk} )

= E [_{l-1} ∏ k=1 g_k(ρ_{tk} ) ] E ∏ j∈Σ_⋆(t_{l+1})nσ_{tl} h_j(Ũ_j(t_l)) E g_l(ρ_{tl} ) ∏ j∈Σ_⋆(t_{l+1})∩σ_{tl} h_j(Ũ_{πtl (j)}(t_l))

= E [_{l-1} ∏ k=1 g_k(ρ_{tk} ) ] E ∏ j∈Σ_⋆(t_{l+1})nσ_{tl} h_j(Ũ_j(t_l))

E [g_l(ρ_{tl} )]

· E ∏ j∈Σ_⋆(t_{l+1})∩σ_{tl} h_j(Ũ_j(t_l))

where the second equality follows from the inductive hypothesis—giving the independence of σfρ_{tk} : k = 1, . . . , l - 1g, σ {~ U_j(t_l) : j ∈ Σ_⋆(t_{l+1}) n σ_{tl} } , and σ {~ U_j(t_l) : j ∈ Σ_⋆(t_{l+1}) ∩ σ_{tl} } _ σfπ_{tl} g—and the third equality follows from the fact that π_{tl} is a uniformly random permutation independent of σ {~ U_j(t_l) : j ∈ Σ_⋆(t_{l+1}) } . The fact that the Ũ_j(t_l) for j ∈ Σ_⋆(t_l) are iid, uniformly distributed on [0, K] then gives us the inductive hypothesis for l + 1.

Therefore, the inductive hypothesis holds for m + 1. In particular, {~ U_j(T) : j ∈ σ^′ ⊆ Σ_⋆(T) } and fρ_t : t ∈ τ^′ ⊆ τ_⋆g are mutually independent with Ũ_j(T) uniformly distributed on [0, K] and ρ_t uniformly random permutations of f1, . . . , n_tg.

Finally, note that the definitions of Ũ_j(t) and Φ_j(t), for any j ∈ N and t ∈ τ, that arise by the inductive process described above are unique, irrespective of the initial choice of T, σ^′, and τ^′. Moreover, these random variables can be defined for all such j and t by taking T = t, σ^′ = fjg, and τ^′ = ftg. Thus, we can uniquely define processes Ũ_j and Φ_j for all j ∈ N by

Ũ_j(t) := / Ũ_j(t_1), 0 ≤ t ≤ t_1; Ũ_j(t_l), t_l < t ≤ t_{l+1}, l ∈ N. and analogously

Φ_j(t) := / Φ_j(t_1), 0 ≤ t ≤ t_1; Φ_j(t_l), t_l < t ≤ t_{l+1}, l ∈ N. These processes are easily seen to satisfy the conditions of the lemma.

Proof of Theorem 3.3.1. We may take our probability space to be a product space (Ω_1 × Ω_2, F_1 × F_2, P_1 × P_2) such that (X(0), Z(0)), W_j, N^λ_{fi,jg}, N̄^σ_{ij}, Y_{jk}, and ζ_{jk} are F_1 × Ω_2-measurable while U_j and π_{fi,jg,k} are Ω_1 × F_2- measurable.

Define τ := { T^λ_{fi,jg,k} : i ≠ j, k ∈ N } , and let n_t, τ_i, and Σ^T_i be defined as in Lemma 3.3.2. Almost surely P_1, the T^λ_{fi,jg,k} are all distinct, and we may unambiguously define σ: τ ) P_1(N) by σ(T^λ_{fi,jg,k}) = fi, jg. Moreover, we will establish in Lemma 3.3.4 that, almost surely P_1, we have τ_j ∩ [0, T] and Σ^T_j (0) finite for all j ∈ N and T > 0. For all such ω_1 ∈ Ω_1, we may apply Lemma 3.3.2 to produce processes Ũ_j(ω_1) and Φ_j(ω_1) defined on the probability space (Ω_2, F_2, P_2).

As the Ũ_j and Φ_j are measurable functions of random variables measurable with respect to the product space, the Ũ_j and Φ_j are actually random variables on this larger space. They are easily seen to satisfy the statement of Theorem 3.3.1.

The proof of Theorem 3.3.1 relies on the following two lemmas which establish that, almost surely, τ_j ∩ [0, T] and Σ^T_j (0) are finite for all j ∈ N and T > 0.

Lemma 3.3.3. Let Γ := { (t, x) ∈ R^+ × R : ∃j ∈ N, X̃_j(t) = x } be the graph of the Brownian paths, and let Γ_t := π(Γ ∩ ([0, t] × R)) (with π: R^+ × R ) R the projection map) be the set of points covered by the paths up to time t. Then, for any fixed t ≥ 0, we have P(m ∉ Γ_t i.o. m ∈ N) = P(m ∉ Γ_t i.o. m ∈ -N) = 1 That is, almost surely, infinitely many positive and negative integers are not hit by any of the Brownian motions up to time t.

Proof. Let X̃_j[0, t] := fX̃_j(s) : 0 ≤ s ≤ tg be the interval covered by X̃_j up to time t. For each m ∈ Z, define

N_m := ∑ j 1_{fm∈X̃j[0,t]g} Note that (X̃_j(0), W_j) � Poisson(Kℓ_R × W) for W the law of W_1, so as we have

N_m = ∑ j 1f_{(X̃j(0),Wj)∈}f_{(x,w):m∈fx+}^√_{θws:0≤s≤tg}gg it follows that N_m is Poisson with mean

(Kℓ_R × W) (⟨ (x, w) : m ∈ { x + √ θw_s : 0 ≤ s ≤ t }⟩) = K ∫ P ( m ∈ x + √ θW_s : 0 ≤ s ≤ t ) dx = 2K √ 2 πθt

Noting that the ergodicity of the original system over location space R ensures the ergodicity of the stationary sequence fN_m : m ∈ Zg, the ergodic theorem implies 1 M M∑ m=1 1_{fNm=0g} −)_{M)} P(N_1 = 0) = e^{-2K} √_{2πθt} > 0 In particular, this implies P(N_m = 0 i.o. m ∈ N) = 1 and similarly P(N_m = 0 i.o. m ∈ -N) = 1, giving the result.

Lemma 3.3.4. Almost surely, we have τ_j ∩ [0, T] and Σ^T_j (0) finite for all j ∈ N and T > 0. Remark 3.3.1. τ_j is the set of neutral lookdowns in which j participates, either as parent or child. Σ^T_j (0) is the influence set of j at time T. In the neutral case, it is the set of all particles whose type might have “influenced” j’s type at times prior to T (through a chain of reproduction events). In particular, if we take a realization of the process and change the initial type of a single particle i without changing the genealogy, a particle j’s type immediately before time T may only change if i ∈ Σ^T_j (0)—if i is in j’s influence set.

Thus, this lemma merely states that, up to a fixed time T > 0, every particle j has experienced only finitely many neutral reproduction events and has been influenced (through chains of neutral events) by the types of only a finite number of particles.

Proof. Let the notation be as in the previous lemma. As Γ_0 is a Poisson point process on R, we have jΓ_0 ∩[m_1, m_2]j < for all m_1 < m_2 ∈ Z almost surely.

Fix j ∈ N and T ∈ N. Almost surely, there exists some (random) M ∈ N such that X̃_j(0) ∈ (-M, M). By the previous lemma, there almost surely exists some random integer M_1 ≤ -M such that M_1 ∉ Γ_T. Similarly, there almost surely exists some random integer M_2 ≥ M such that M_2 ∉ Γ_T. Therefore,

Σ^T_j (0) ⊆ fi : X̃_i[0, t] ⊂ [M_1, M_2]g = fi : X̃_i(0) ∈ [M_1, M_2]g and jΣ^T_j (0)j ≤ jΓ_0 ∩ [M_1, M_2]j < almost surely.

Also, as V^λ_{fi,jg}(T) = 0 for all i ∉ Σ^T_j (0), we have

jτ_j ∩ [0, T]j = ∑ i∈Σ^T_j (0) i≠j N^λ_{fi,jg} ( λ 2θ L_{fi,jg}(T) )

Since L_{fi,jg}(T) < for all i ≠ j almost surely and as the sum is over an almost surely finite set, it follows that jτ_j ∩ [0, T]j < almost surely.

As there are countably many particles, we have jΣ^T_j (0)j and jτ_j ∩ [0, T]j finite for all j at all integral time points T almost surely. Since these cardinalities are monotone increasing in T, they are finite for all T > 0 as well.

Having completed the specification of the intermediate model, we may now turn to the task of coupling the ordered model Υ_0 of Section 3.1 to the symmetric model Υ̃_0. To do this, we will use the intermediate model to construct two new particle models. The first, a symmetric model, will be “constructed” by essentially ignoring the level structure of the intermediate model. The second, an ordered model, will be constructed by ignoring the indexing of the intermediate model and taking the “particles” to be defined by the level structure Ũ = (Ũ_j)_j. That is, a “particle” in our ordered model will have a fixed level u, and its location and type at any time t will be given by the location and type of whichever real, indexed particle in the intermediate model happens to have level u at time t.

To construct the symmetric model, we define jump processes Ṽ^λ_{ij} by

Ṽ^λ_{ij}(t) := ∫_t 0 1_{fŨi(s)<Ũj(s)g}dV^λ_{fi,jg}(s) By Theorem 3.3.1, conditioned on all T^λ_{fi,jg,k}, the 1f_{Ũi}(_T λ_{fi,jg,k})_{<Ũj}(_T λ_{fi,jg,k})g are iid fair coin flips. Therefore, we have Ṽ^λ_{ij} =^d N^λ_{ij} ( λ 4θ L_{fi,jg} ) (3.8) for iid, rate one Poisson counting processes N^λ_{ij}.

Let us define the type process Z̃ in the notation of Remark 1.3.2 by (Z̃, Ṽ, τ̃, γ̃,ι̃) := T(Z(0), Y, Ṽ^λ, V̄^σ, ζ, σ̄^{-1}σ) A unique solution Z̃ exists: this can be established in much the same way we established the existence of Φ and Ũ. Moreover, by (3.8), we have (X, Z̃) =^d Υ̃_0(X(0), Z(0)) (where we have taken λ = λ_0, σ = σ_0, and σ̄ = σ̄_0).

To construct the ordered model, define the process X_j(t) := X̃_{Φj(t)}(t) Noting that this process is continuous, we may write X_j(t) = X_j(0) + √ θ ∑ j^′∈N ∫_t 0 1_{fΦj(s)=j} ′_gdW_j ′(s) and so X_j are continuous martingales satisfying [X_i, X_j]_t = θ ∑ j^′∈N ∫_t 0 1_{fΦi(s)=j} ′_g1_{fΦj(s)=j} ′_gds = θt1_{fi=jg} Therefore, by Lévy’s characterization, we have X_j =^d X_j(0) + √ θW_j Define counting processes V^λ_{ij} by V^λ_{ij}(t) := 1_{fUi<Ujg} ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_gdV^λ_{fi} ′_{,j} ′_g(s)

and counting processes V̄^{σ,Φ}_{ij} by V̄^{σ,Φ}_{ij} (t) := ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_gdV̄^σ_i ′_{,j} ′ (s)

Writing X̃_i ′_{,j} ′ := X̃_i ′ - X̃_j ′ and X_{ij} := X_i - X_j, by the Meyer-Tanaka formula, we have for i^′ ≠ j^′ that

jX̃_i ′_{,j} ′ (t)j = jX̃_i ′_{,j} ′ (0)j + ∫_t 0 sgn(X̃_i ′_{,j} ′ (s-))dX̃_i ′_{,j} ′ (s) + L_{fi} ′_{,j} ′_g(t) However, for i ≠ j, we have

jX_{ij}(t)j - jX_{ij}(0)j = jX̃_{Φi(t),Φj(t)}(t)j - jX̃_{i,j}(0)j = ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_gdjX̃_i ′_{,j} ′ j(s) = ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_g sgn(X̃_i ′_{,j} ′ (s-))dX̃_i ′_{,j} ′ (s) + ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_gdL_{fi} ′_{,j} ′_g(s) Yet, ∫_t 0 sgn(X_{ij}(s-))dX_{ij}(s) = ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_g sgn(X̃_i ′_{,j} ′ (s-))dX̃_i ′_{,j} ′ (s)

Therefore, we have

jX_{ij}(t)j - jX_{ij}(0)j = ∫_t 0 sgn(X_{ij}(s-)dX_{ij}(s) + ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_gdL_{fi} ′_{,j} ′_g(s) and, again by the Meyer-Tanaka formula, it follows that the local time at zero of X_i - X_j is given by

L_{ij}(t) := L^0_t (X_i - X_j) = ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_gdL_{fi} ′_{,j} ′_g(s)

Now, for U_i < U_j, we have V^λ_{ij}(t) - λ 2θ L_{ij} = ∑ i^′,j^′∈N ∫_t 0 1_{fΦi(s)=i} ′_g1_{fΦj(s)=j} ′_gd ( V^λ_{fi} ′_{,j} ′_g - λ 2θ L_{fi} ′_{,j} ′_g ) (s) a martingale. In fact, it is a martingale with respect to F^{V λij}_t _ F^{Lij} and so V^λ_{ij} =^d N^λ_{ij} ( λ 2θ L_{ij} ) (3.9)

for iid, rate one Poisson counting processes N^λ_{ij}. Similarly, V̄^{σ,Φ}_{ij} =^d N̄^σ_{ij} ( σ̄ 2θ L_{ij} ) (3.10)

Define the type process Z by

Z_j(t) := Z̃_{Φj(t)}(t)

Lemma 3.3.5. If we let (Z^′, V, τ, γ, ι) := T(Z(0), Y, V^λ, V̄^{σ,Φ}, ζ, σ̄^{-1}σ) then we have (X, Z, U) =^d (X, Z^′, U) =^d Υ_0(X(0), Z(0), U) Proof. Observe that the neutral interactions play identical roles with respect to the processes Z and Z^′: when V^λ_{ij} jumps, Z_j and Z^′_j are “set” to Z_i and Z^′_i respectively.

Similarly, for selective events, when V̄^{σ,Φ}_{ij} jumps, the types Z_j and Z^′_j are potentially “set” to Z_i and Z^′_i respectively.

Since the genealogical structures are identical, it follows by the strong Markov property of the Y_{jk} (with respect to reproduction event times) that (X, Z, U) =^d (X, Z^′, U)

Equations (3.9) and (3.10) imply (X, Z^′, U) =^d Υ_0(X(0), Z(0), U) giving the result.

This is sufficient to establish the following proposition.

Proposition 3.3.6. We have

ξ̃^K =^d ξ^K

for ξ̃^K defined in (1.23) and ξ defined in (3.6).

Proof. By our derivation of the symmetric model (X̃, Z̃), we see that we have

(X̃, Z̃) =^d Υ̃_0(Poisson(Kν_0)) (3.11)

which has empirical location/type measure ξ̃^K

Similarly, by the previous lemma, we have

(X, Z, U) =^d Υ_0(Poisson(ν_0 × ℓ_{[0,K]})) (3.12)

By the intermediate model coupling, the symmetric model (X̃, Z̃, Ũ) and the ordered model (X, Z, U) models have the same empirical location/type/level (and, so in particular, location/type) process distribution, and the result follows.

We now wish to prove a corollary of Theorem 3.3.1 that will prove useful in later sections. To do this, we must construct a “hybrid” model. From level K down, it will be similar to the intermediate model constructed in this section (but with a different selective event structure). From level K up, particles will act much as in the ordered model Υ of Section 3.2. For the purposes of neutral events, they will “look down” at lower-level particles (both above and below level K) and copy their types. To simplify notation, we will index the (intermediate model) particles below level K by the natural numbers N and the (ordered model) particles above level K by an isomorphic copy N^′ �= N of the natural numbers disjoint from them (N^′ ∩ N = ∅). That is, we will index particles by the disjoint union N ⊎ N^′ .

For a fixed K > 0, let the intermediate model be defined as above. Let the following be independent of the components of the intermediate model and each other

ffl f(X_j(0), Z_j(0), U_j) : j ∈ N^′ g (some indexing of the points of) a Poisson point process on R × E × (K, ) with mean measure ν_0 × ℓ_{(K,)};

ffl fW_j : j ∈ N^′ g iid standard BMs;

ffl fN^λ_{ij} : i ∈ N ⊎ N^′ , j ∈ N^′ g iid rate one Poisson counting processes; ffl fN̄^σ_j : j ∈ N ⊎ N^′ g iid rate one Poisson counting processes; ffl fY_{jk} : j ∈ N^′ , k ∈ Z^+g iid copies of Y; ffl fζ_{jk} : j ∈ N^′ , k ∈ Z^+g iid uniform on [0, 1]; ffl fη_{jk} : j ∈ N ⊎ N^′ , k ∈ Z^+g iid uniform on [0, 1]. For j ∈ N^′ , let us define X_j := X_j(0) + √ θW_j and for i ∈ N ⊎ N^′ and j ∈ N^′ with i ≠ j, let us define L_{ij} := L^0_t (X_i - X_j) and V^λ_{ij} := 1_{fUi<Ujg}N^λ_{ij} ( λ 2θ L_{ij} )

Finally, take the hybrid model type process ^Z = ( ^Z_j : j ∈ N ⊎ N^′ ) to be given, in the notation of Remark 3.2.2 by ( ^Z, ^ξ, ^V, ^τ, ^γ,^ι, ^ψ) := T^′(Z(0), ^X, U, Y, ^V^λ, ^V^λ, V̄^σ, ζ, η, σ̄^{-1}σ) where the indices i and j are taken over N ⊎ N^′ ; where ^X is given by ^X_j := / X̃_j, j ∈ N; X_j, j ∈ N^′ .

where ^V^λ is given by

^V^λ_{ij} := Ṽ^λ_{ij}, i, j ∈ N; V^λ_{ij}, i ∈ N ⊎ N^′ , j ∈ N^′ ; 0, i ∈ N^′ , j ∈ N. for Ṽ^λ_{ij} as defined above; and where V̄^σ = (V̄^σ_j : j ∈ N ⊎ N^′ ) for V̄^σ_j (t) := N̄^σ_j (σ̄t) Take the ordered type process Z = (Z_j : j ∈ N ⊎ N^′ ) to be given by

Z_j := / ^Z_{Φj(·)}(·), j ∈ N; ^Z_j, j ∈ N^′ . This construction gives the following result.

Corollary 3.3.7. Let ξ be the empirical location/type/level process associated with the infinite-density model Υ(Poisson(ν_0 × ℓ_R+ )). Then, we have the following decomposition ξ_· =^d ∑ j∈N δ_{(Xj(·),Zj(·),Uj)} + ∑ j∈N^′ δ_{(Xj(·),Zj(·),Uj)} =^{a.s.} ∑ j∈N δ_{(X̃j(·),Z̃j(·),Ũj(·))} + ∑ j∈N^′ δ_{(Xj(·),Zj(·),Uj)} in the notation of the present section.

Proof. The above construction of the hybrid model gives the first equality in law. The almost sure equality follows by the intermediate model coupling.

We will see some applications of this result in the following section.

3.4 Measure-Valued Diffusion Limit

Again, let us consider the model Υ of Section 3.2. Let (X_0, Z_0, U) be Poisson(ν_0 × ℓ_R+ ), let (X, Z, U) = Υ(X_0, Z_0, U), and let ξ be the location/type/level empirical process given by

ξ_t := ∑ j δ_{(Xj(t),Zj(t),Uj)}

We would like to characterize the location/type distribution of particles in this infinite-density model.

To be more precise, for each K > 0, we may define

u^K_t := ∑ U_j≤K δ(_{Xj(t),Zj(t)})

so that we may write, for any location/type test function h: R × E ) R the sum ⟨ u^K_t , h ⟩ := ∑ U_j≤K h (X_j(t), Z_j(t)) If h has compact support in location space, so that there exists α > 0 with h(y, ·) ≡ 0 for jyj > α, then the summation is almost surely over a finite number of terms.

Now, the expressions^1_K ⟨ u^K_t , h ⟩ characterize the average location/type distribution over all particles up to level K. We would like to study these expressions in the limit as K ) .

Define the filtration

F^K_t := σ | ξ | |_{R×E×(K,)}(r), ∑ U_j≤K δ (X_j(r),Z_j(r)), r ≤ t ‖

That is, the filtration F^K is generated by the locations, types, and levels of the particles above level K but only the locations and types (without regard to specific level) of the particles below level K. Define the filtration F_t := ∩_{K=1}F^K_t .

We will assume the selection function ψ of (3.5) satisfies the following condition.

Hypothesis 3.4.1. Let ψ be such that for all K > 0, we have ψ ((∑ j δ_{(xj,zj,uj)} ) , x_0, η ) = ψ ((∑ u_j≤K δ(xj,zj,^uj) + ∑ u_j>K δ(xj,zj,uj) ) , x_0, η )

for all x ∈ R , z ∈ E, u ∈ (R^+ ), ^u ∈ [0, K], x_0 ∈ R, and η ∈ [0, 1].

We will require two lemmas, the first a version of the Martingale Backwards Convergence Theorem and the second a consequence of the coupling of the previous section.

Lemma 3.4.2. If E jXj^p < for some p ≥ 1, then

lim_{K)} E [ X | | F^K_t ] = E [X j F_t ]

where the limit is almost sure and in L_p.

Proof. For p = 1, this is Theorem 4.6.3 of [4]. For p > 1, let X_K := E[XjF^K_t ], and note jX_Kj^{p a.s.}−) jXj^p by application of the theorem for the case p = 1. However, we have

jX_Kj^p = | |E [X | | F^K_t ] | |^p ≤ E [jXj^p | | F^K_t ]

and the right-hand side are uniformly integrable over all K by [4, Theorem 4.5.1]. Therefore, X_K^{Lp}−) X.

Lemma 3.4.3. For t ≥ 0 and K > 0, we have the conditional equality in law L [∑ U_j≤K δ (X_j(t),Z_j(t),U_j) | | | F^Kt ] = L [∑ U_j≤K δ(X^j(t),Z^j(t), ^U_j) | | | F^Kt ]

where ^U_j are iid uniform on [0, K] and independent of σ { (X_j(r), Z_j(r), U_j) : j ∈ N, r ≤ t } Remark 3.4.1. The interpretation of this lemma is that, for particles below level K, the past history of the empirical location/type process as embodied in the filtration F^K_t provides no information about the current level values of the empirical location/type/level process.

This result is a subtle one. The filtration F^K_t clearly reveals some information about the levels of particles below level K. For example, in the neutral case, we may observe two particles with dissimilar types to interact at location x at time r ≤ t. One particle changes its type to the other’s, and we may then conclude that, immediately prior to time r, the particle whose type now prevails must have had the lower of the two levels. However, the two products of this interaction are indistinguishable with respect to location and type. Thus, we cannot now determine, as of time r, which of the two interaction products has this lower level. No interaction prior to time t can provide information about the levels at time t.

Proof of Lemma 3.4.3. We use the notation of Corollary 3.3.7. Define

G_t := σ { X_j(0), Z_j(0), W_j, N̄^σ_j , Y_{jk}, ζ_{jk}, η_{jk} : j ∈ N ⊎ N^′ , k ∈ Z } _ σ { U_j, N^λ_{ij} : i ∈ N ⊎ N^′ , j ∈ N^′ , i ≠ j } _ σ | N^λ_{fi,jg}, 1^⟨_{Ũi}^(_{T λfi,jg,l}^)_{<Ũj}^(_{T λfi,jg,l}^{)⟩} : i ≠ j ∈ N, l ∈ fl^′ : T^λ_{fi,jg,l} ′ < tg ‖

Observe that for any selective event at time τ affecting a particle at location X with level below K, there is almost surely a unique j ∈ N such that X_j = X and a unique j^′ ∈ N such that X̃_j ′ = X. Thus, by Corollary 3.3.7 and Hypothesis 3.4.1, we have ψ ((∑ i∈N⊎N^′ δ(Xi,Zi,Ui) ) , X_j(τ), η )

= ψ ((∑ i∈N δ_{(X̃i,Z̃i,0)} + ∑ i∈N^′ δ(Xi,Zi,Ui) ) , X̃_j ′ (τ), η )

It follows that (X̃_j, Z̃_j)_{j∈N} is G_t-adapted and F^K_t ⊆ G_t. However, the fŨ_j(t)g_{j∈N} conditioned on G_t are iid uniform on [0, K]. Thus, iterating the expectation, we have E [ g (∑ j∈N δ_{(X̃j(t),Z̃j(t),Ũj(t))} ) | | | F^Kt ]

= E [∫ g (∑ j∈N δ_{(X̃j(t),Z̃j(t),uj)} ) H(du) | | | F^Kt ] for H the probability measure of the vector ( ^U_1, ^U_2, . . . ).

By Corollary 3.3.7, ∑ j∈N δ_{(X̃j(t),Z̃j(t),Ũj(t))} =^{a.s.} ∑ j∈N δ_{(Xj(t),Zj(t),Uj)} and the result follows.

These lemmas give the following theorem, which characterizes the limit

of the average location/type distribution^1_K ⟨ u^K_t , h ⟩ as K ) . Theorem 3.4.4. Let h ∈ B(R ×E) be measurable and bounded and have

compact support in its first variable. Then 1 K ⟨ u^K_t , h ⟩ = E [⟨ u^1_t , h ⟩ | F^K_t ] −)_{K)} E [⟨ u^1_t , h ⟩ | F_t ]

where the limit is almost sure and in L_p for all p ≥ 1. We write the

(integrable) limit as ⟨u_t, h⟩ := lim^1_K ⟨ u^K_t , h ⟩ . Proof. By Lemma 3.4.3, it follows that

E [⟨ u^1_t , h ⟩ | F^K_t ] = E ∑ U_j≤K 1_{fUj≤1g}h(X_j(t), Z_j(t)) | | | | | F^K_t

= E ∑ U_j≤K 1_{f ^Uj≤1g}h(X_j(t), Z_j(t)) | | | | F^Kt = 1 K ⟨ u^K_t , h ⟩

However, for X := ⟨ u^1_t , h ⟩ , we have 0 ≤ jXj ≤ ‖h‖ ∑ U_j≤1 1_{fjXj(t)j≤αg}

where α is such that h(y, ·) ≡ 0 for jyj > α. By Theorem 3.5.1 of the

next section, we have this summation a Poisson random variable with

mean 2α. It follows that X has moments of all orders, and the result

follows by Lemma 3.4.2.

Corollary 3.4.5. The result of Theorem 3.4.4 holds for random functions h: R × E × Ω ) R that are bounded and measurable with respect to B(R) × B(E) × F_t and that have compact support in their first variable. We will use the same notation ⟨u_t, h⟩ to designate the limit for such functions.

Proof. For A ∈ F_t and h ∈ B(R × E), we have E [⟨ u^1_t , h1_A(ω) ⟩ | F^K_t ] = 1_A(ω) E [⟨ u^1_t , h ⟩ | F^K_t ] =^1_K ⟨ u^K_t , h1_A ⟩ by the previous lemma. The result follows by approximating general h with simple functions.

For each t ≥ 0, let us define the random measure ν_t by

ν_t(C) := ⟨u_t, 1_C⟩ (3.13)

for all C ∈ B(R × E). Note that, at t = 0, this definition is consistent with the definition of the initial location/type mean measure ν_0. In Section 3.5, we will establish that the marginal location measure ν_t(· × E) is Lebesgue, and in Section 3.7, we will prove that fν_t : t ≥ 0g almost surely has vaguely continuous paths and thus defines a measure-valued process. Proposition 3.3.6 and Theorem 3.4.4 give the following result.

Proposition 3.4.6. For each K > 0, let ξ̃^K be given by (1.23). Then, in the neutral case, we have 1 K ξ̃^K_t }_{K)} ν_t Proof. By Proposition 3.3.6, we have ξ̃^K_t =^d ξ^K_t . But, in the neutral case

ξ^K_t = ξ_t(· × [0, K]) = ∑ U_j≤K δ_{(Xj(t),Zj(t))}

so the result follows from Theorem 3.4.4.

3.5 Poisson Structure

In this section, we examine the Poisson structure of the infinite-density model Υ. The first theorem is a simple consequence of Lemma 1.3.2 establishing that the Poisson(ℓ_R × ℓ_R+ ) distribution of particles in location/level space is stationary.

Theorem 3.5.1. For all t ≥ 0, we have ∑ j=1 δ_{(Xj(t),Uj)} a Poisson point process with mean measure ℓ_R × ℓ_R+ .

Proof. Note that

(X(0), W, U) � Poisson(R × W × R^+ )

for W the law of W_1. The result then follows from Lemma 1.3.2 as in the proof of Corollary 1.3.3.

In Sections 3.7 and 3.8, we will require L_1 and L_2 bounds on certain counts of particles and pairs of particles. These bounds are given by the following lemma.

Lemma 3.5.2. Let α > 0 and K > 0 be given, and define the stopping times τ^α_j := infft ≥ 0 : X_j(t) ∈ [-α, α]g Then ∑ U_j≤K 1_{fτ}α_{j <Tg} � Poisson ( K ( 2α + √ 2θT π )) (3.14)

In particular, defining the constants

c_1 := 2α + √ 2θT/π c_2 := c_1(c_1 + K^{-1}) we have E ( 1 K ∑ U_j≤K 1_{fτ}α_{j <Tg} ) = c_1 (3.15)

E ( 1 K ∑ U_j≤K 1_{fτ}α_{j <Tg} )_2 = c_2 (3.16)

E ( 1 K^2 ∑ U_i<U_j≤K 1_{fτ}α_{i <Tg}1_{fτ}α_{j <Tg} ) ≤ c_2 2 (3.17)

Proof. As observed in the proof of the previous theorem,

(X(0), W, U) � Poisson(R × W × R^+ )

Applying Lemma 1.3.2 to the map h: (x, w, u) ) ( inf ⟨ t : | |x + √ θw_t | | ≤ α ⟩ , u )

we see that that ∑ j=1 δ_{(τ}α_{j ,Uj)} � Poisson(μ × ℓ_R+ )

for a measure μ such that, by the reflection principle, we have

μ[0, T] = (ℓ_R × W) (⟨ (x_0, W) : x_0 + √ θw_t hits [-α, α] before T ⟩)

= (ℓ_R × W) (⟨ (x_0, w) : jw_Tj > (jx_0j - α)/ √ θ or jx_0j ≤ α ⟩)

= 2α + 2 ∫ α P ( Z > (x_0 - α)/ √ θT ) dx_0 = 2α + √ 2θT/π This implies (3.14) and so (3.15) and (3.16). Finally, (3.17) follows from the fact that 2 K^2 ∑ U_i<U_j≤K 1_{fτ}α_{i <Tg}1_{fτ}α_{j <Tg} ≤ 1 K^2 ∑ U_i,U_j≤K 1_{fτ}α_{i <Tg}1_{fτ}α_{j <Tg} = ( 1 K ∑ U_j≤K 1_{fτ}α_{j <Tg} )_2

The previous results dealt only with the Poisson structure arising from the Brownian location and fixed level processes. Of far more interest is the following result which establishes the conditional Poisson structure of the empirical location/type/level process ξ.

Theorem 3.5.3. Let ν_t be the random measure given by (3.13).

Then, conditioned on F_t , the process ξ_t is a Poisson point process with mean measure ν_t ×ℓ_R+ , and ν_t almost surely has marginal location measure ν_t(· × E) = ℓ_R.

Proof. Let f: R × E × R^+ ) R be bounded and measurable with compact support. Let M > 0 be such that f = 0 on R × E × [M, ).

For all K ≥ M, by Lemma 3.4.3, we have E [ e^{τ ∑j f(Xj(t),Zj(t),Uj)} | F^K_t ] = E [ e^τ ∑ Uj≤K f(Xj(t),Zj(t),Uj) | | F^K_t ]

= E [ e^τ ∑ Uj≤K f(Xj(t),Zj(t), ^Uj) | | | F^K_t ]

where ^U_j are iid uniform on [0, K] and independent of σ f(X_j(r), Z_j(r), U_j) : j ∈ N, r ≤ tg It follows that E [ e^{τ ∑j f(Xj(t),Zj(t),Uj)} | F^K_t ] = E [ E [ ∏ U_j≤K e^{τf(Xj(t),Zj(t), ^Uj)} | | | | σf(X^j(r), Z^j(r), U^j) : j ∈ N, r ≤ tg ] | | | F^Kt ]

= ∏ U_j≤K 1 K ∫_K 0 e^{τf(Xj(t),Zj(t),u)}du

But, we may rewrite this final term and apply Taylor’s formula to show that E [ e^{τ ∑j f(Xj(t),Zj(t),Uj)} | | F^K_t ]

= exp ( ∑ U_j≤K log ( 1 + 1 K ∫ 0 ( e^{τf(Xj(t),Zj(t),u)} - 1 ) du ))

= exp ( 1 K ⟨ u^K_t , ∫ 0 ( e^{τf(·,·,u)} - 1 ) du ⟩ + O ( 1 K ))

−)_{K)} exp (⟨ u_t, ∫ 0 ( e^{τf(·,·,u)} - 1 ) du ⟩)

by Theorem 3.4.4.

It follows from Lemma 3.4.2 that E [ e^{τ ∑j f(Xj(t),Zj(t),Uj)} | | F_t ] = e⟨^ut^{,∫}(^{eτf(·,·,u)-1})^{du}⟩ which gives the conditional Poisson distribution.

Lastly, note that for all A ∈ B(R), we have by Lemma 3.4.2, Theorem 3.5.1, and the strong law of large numbers that ν_t(A × E) = ⟨u_t, 1_{A×E}⟩ = lim_{K)} 1 K ∑ j 1_{f(Xj(t),Uj)∈A×[0,K]g} = ℓ(A)

Remark 3.5.1. As the marginal location measure of ν_t is almost surely Lebesgue, it follows from Morando’s theorem (Theorem A.8.1 of [5] generalized to σ-finite measures) that there exists a

^ν: R^+ × R × B(E) × Ω ) R^+ : (t, x, dz, ω) ) ^ν_t(x, dz)(ω) satisfying

ν_t(C) = ∫ R ∫ E 1_C(x, z)^ν_t(x, dz)dx (3.18) for all C ∈ B(R × E).

Intuitively, we may interpret ^ν_t(x, ·) as the (random) type distribution “at” a point x in the infinite-density model.

3.6 Martingale Characterization

In this section, we will develop a martingale characterization of u_t. Specifically, we will show that for a large class of test functions h, the term ⟨u_t, h⟩ may be centered to form a martingale, and we will calculate the martingale’s quadratic variation.

With respect to mutation, note that the Markov processes Y_{jk} are such that M^{g,y}_{jk} (t) := g(Y_{jk}(y, t)) - g(y) - ∫_t 0 B^μg(Y_{jk}(y, s))ds are martingales for all g ∈ D(B^μ), y ∈ E, j ∈ N, and k ∈ Z^+.

With respect to selection, let us define the random measure

V^σ_j := ∑ k (1 - ι_{jk})δ_{(τjk,ζjk,ηjk)} Observe that each point (s, ζ, η) of V^σ_j represents a potential selective event at time s affecting particle j. The η component is the random input to the function ψ used to select a type for the event, and the ζ component is used to determine whether or not particle j will actually adopt the other type. Note that we have

V^σ_j � Poisson(σ̄ℓ_R+_{×[0,1]×[0,1]})

so that ^V^σ_j ([0, t] × ·) := V^σ_j ([0, t] × ·) - σ̄tℓ(·)

is a martingale.

For all K > 0, f ∈ C^2_c(R) (the twice continuously differentiable functions with compact support), and g ∈ D(B^μ), by Itô’s formula, we have the following identity ⟨ u^K_t , fg ⟩ = ⟨ u^K_0 , fg ⟩ + ∫_t 0 ⟨ u^K_s ,^θ_2 f^{′′}g + fB^μg ⟩ ds + ∑ U_j≤K ∫_t 0 f(X_j(s)) ∫_1 0 σ ( ψ(ξ_{s-}, X_j(s), η), Z_j(s-) ) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) dη ds + √ θ ∑ U_j≤K ∫_t 0 f^′(X_j(s))g(Z_j(s-))dW_j(s) + ∑ U_j≤K ∫_t 0 f(X_j(s))dM^g_j (s)

+ ∑ U_i<U_j≤K ∫_t 0 (f(X_i(s))g(Z_i(s-)) - f(X_j(s))g(Z_j(s-))) dV^λ_{ij}(s) + ∑ U_j≤K ∫ [0,t]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})gf(X_j(s)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) ^V^σ_j (ds × dζ × dη) (3.19)

where the M^g_j are given by

M^g_j (t) := ∑ k ∫_t 0 1_{fVj(s-)=kg}dM^{g,Zj(τjk-)} jk (s - τ_{jk}) The independence of the M^{g,y}_{jk} from the V^λ_{jk} and V^σ_j imply that the M^g_j are

fF^K_t g-martingales for all j with U_j ≤ K.

Note that the term ∑ U_i<U_j≤K ∫_t 0 (f(X_i(s))g(Z_i(s-)) - f(X_j(s))g(Z_j(s-))) dV^λ_{ij}(s) (3.20)

is measurable with respect to fF^K_t g. We claim it is in fact an fF^K_t g-martingale.

Lemma 3.6.1. The term (3.20) is an fF^K_t g-martingale.

Proof. For the proof, we use the notation of Corollary 3.3.7. Observe that

E [ ∑ i≠j∈N 1_{fUi<Ujg} ∫_t s (f(X_i(r))g(Z_i(r-)) - f(X_j(r)), g(Z_j(r-))) dV^λ_{ij}(r) | | | | F^1_s ]

= E [ ∑ i≠j∈N ∑ i^′≠j^′∈N ∫_t s 1_{fΦi(r-)=i} ′_g1_{fΦj(r-)=j} ′_g1_{fŨi ′ (r-)<Ũj ′ (r-)g} ( f(X̃_i ′ (r))g(Z̃_i ′ (r-)) - f(X̃_j ′ (r))g(Z̃_j ′ (r-)) ) dV^λ_{fi} ′_{,j} ′_g(r) | | | | F^1_s ]

= E [ ∑ i^′≠j^′∈N ∫_t s ( f(X̃_i ′ (r))g(Z̃_i ′ (r-)) - f(X̃_j ′ (r))g(Z̃_j ′ (r-)) ) dṼ^λ_i ′_{,j} ′ (r) | | | | F^1_s ]

where the last equality follows from the definition of Ṽ^λ_{ij} and the fact that ∑ i≠j∈N 1_{fΦi(s-)=i} ′_g1_{fΦj(s-)=j} ′_g = 1

almost surely for all i^′ ≠ j^′ ∈ N. However, by symmetry in i^′ and j^′, this

final term is seen to be zero.

Now, for K = 1, the identity (3.19) implies that ⟨ u^1_t , fg ⟩ - ⟨ u^1_0, fg ⟩ - ∫_t 0 ⟨ u^1_s,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds is an fF^1_t g-martingale for h^σ_s : R × E × Ω ) R given by h^σ_s (x, z, ω) := f(x) ∫_1 0 σ ( ψ(ξ_{s-}(ω), x, η), z )( g ( ψ(ξ_{s-}(ω), x, η) ) - g ( z )) dη It follows that E [⟨ u^1_t , fg ⟩ | F_t ] - E [⟨ u^1_0, fg ⟩ | F_0 ] - ∫_t 0 E [⟨ u^1_s,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ | F_s ] ds (3.21)

is an fF_t g-martingale.

Note that the function h^σ_s depends on ω only through ψ(ξ_{s-}(ω), x, η). But for all K > 0, by Hypothesis 3.4.1, ψ(ξ_{s-}(ω), x, η) = ψ (( ∑ U_j≤K δ_{(Xj(s),Zj(s-),0)} + ∑ U_j>K δ_{(Xj(s),Zj(s-),Uj)} ) , x, η )

which is F^K_{s-}-measurable. Therefore, h^σ_s satisfies the conditions of Corollary 3.4.5.

Thus, by means of Theorem 3.4.4 and its corollary, we may rewrite equation (3.21) to conclude that M_t := ⟨u_t, fg⟩ - ⟨u_0, fg⟩ - ∫_t 0 ⟨ u_s,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds (3.22)

is an fF_t g-martingale.

We now wish to determine the quadratic variation [M] of this martingale. First, for each fixed t ≥ 0, we will establish the limiting value of the angle-brackets processes ⟨ M^K ⟩ t where M^K are the martingales given by

M^K_t := 1 K ( ⟨ u^K_t , fg ⟩ - ⟨ u^K_0 , fg ⟩ - ∫_t 0 ⟨ u^K_s ,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds ) (3.23)

Theorem 3.6.2. For each t ≥ 0, we have ⟨ M^K ⟩ t L^1−) K) A_t where A_t := θλ ∫_t 0 ds ∫ R dx ∫ E×E ^ν_s(x, dz)^ν_s(x, dz^′) (f(x)g(z) - f(x)g(z^′))^2 for ^ν as defined in (3.18).

Proof. We defer the proof until Section 3.8.

We will now show that the angle-brackets process ⟨M⟩ is the process given by A. We begin with the following lemma.

Lemma 3.6.3. For h: R × E × Ω ) R bounded, B(R) × B(E) × F_t - measurable and having compact support in its first variable, we have ∫_t 0 ⟨u_s, h⟩ ds = lim_{K)} ∫_t 0 1 K ⟨ u^K_s , h ⟩ ds almost surely and in L_p for all p ≥ 1.

Proof. Let α > 0 be such that h ≡ 0 outside [-α, α]×E. Then, for s ∈ [0, t] and all K, we have | | | 1 K ⟨ u^K_s , h ⟩ | | | ≤ ‖h‖ 1 K ∑ U_j≤K 1_{fτ}α_{j <tg} with τ^α_j as defined in Lemma 3.5.2. By that lemma, we have ∑ U_j≤K 1_{fτ}α_{j <tg} � Poisson(Kc_1)

Thus, we have 1 K ∑ U_j≤K 1_{fτ}α_{j <tg} ) c_1 (3.24)

almost surely (and in L_p for all p ≥ 1).

Therefore, for almost all ω ∈ Ω, we have^1_K ⟨ u^K_s , h ⟩ bounded on (s, K) ∈ [0, t] × N, and for all such ω, we have ∫_t 0 1 K ⟨ u^K_s , h ⟩ ds ) ∫_t 0 lim_{K)} 1 K ⟨ u^K_s , h ⟩ ds (3.25)

by bounded convergence with respect to the integral ∫ [0,t]. Because the convergence in (3.24) is in L_p for all p ≥ 1, it follows that the convergence in (3.25) is in L_p for all p ≥ 1.

Using this result, we can prove the following.

Lemma 3.6.4. For all t ≥ 0, we have M^K_t^{L2}−) M_t

Proof. By Theorem 3.4.4 and Lemma 3.6.3, we have M_t = ⟨u_t, fg⟩ - ⟨u_0, fg⟩ - ∫_t 0 ⟨ u_s,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds = lim_{K)} | 1 K ( ⟨ u^K_t , fg ⟩ - ⟨ u^K_0 , fg ⟩ - ∫_t 0 ⟨ u^K_s ,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds )‖

= lim_{K)} M^K_t

in L_p for all p ≥ 1.

Theorem 3.6.5. The martingale M_t has angle-brackets process ⟨M⟩ = A Proof. Fix 0 ≤ s < t. By Theorem 3.6.2 and Lemma 3.6.4, we have 0 ≡ E [( (M^K_u)^2 - ⟨ M^K ⟩ u ) j^{u=t}_{u=s} | | F^K_s ]^{L1}−)_{K)} E [((M_u)^2 - A_u) j^{u=t}_{u=s} | | F_s ] so that (M)^2 - A is a martingale. Noting that A is F_t -predictable, the result follows.

In the following section, we will show that the paths of M_t are continuous and so [M] ≡ ⟨M⟩. Thus, the results of this section may be summarized in the following proposition.

Proposition 3.6.6. For all f ∈ C^2_c(R) and g ∈ D(B^μ), we have M_t := ⟨u_t, fg⟩ - ⟨u_0, fg⟩ - ∫_t 0 ⟨ u_s,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds a continuous martingale with quadratic variation

[M]_t = θλ ∫_t 0 ds ∫ R dx ∫ E×E ^ν_s(x, dz)^ν_s(x, dz^′) (f(x)g(z) - f(x)g(z^′))^2

3.7 Continuity of the Limit

In this section, we will prove that for any f ∈ C^2_c(R) with compact support supp(f) ⊆ [-α, α] and any g ∈ D(B^μ), the processes (_1 K ⟨ u^K_· , fg ⟩) K are relatively compact. The almost sure continuity of the paths of ⟨u_·, fg⟩ then follows from Theorem 3.10.2 of [5].

Define the filtration F_t := σfX_j(r), Z_j(r), U_j : j ∈ N, r ≤ tg and let τ^α := infft ≥ 0 : X_j(t) ∈ [-α, α]g

By Remark 3.8.7 of [5], to prove relative compactness, it is sufficient to establish that condition (a) of Theorem 3.7.2 holds, namely that for all η > 0 and t ∈ Q, there exists a compact Γ_{η,t} ⊆ R such that

inf_K P (_1 K ⟨ u^K_t , fg ⟩ ∈ Γ^η_{η,t} ) ≥ 1 - η and that there exists a γ^K(δ, T) such for each δ > 0 and T > 0 we have E [ 1 K^2 (⟨ u^K_{t+h}, fg ⟩ - ⟨ u^K_t , fg ⟩)_2 | | | | F^t ] ≤ E [ γ^K(δ, T) | | F_t] for all 0 ≤ t ≤ T - δ and 0 ≤ h ≤ δ and

lim_{δ)0} lim_{K)} E γ^K(δ, T) = 0

With regards to the first condition, note that for all β > 0, we have P (|_1 K ⟨ u^K_t , fg ⟩| ≤ β ) ≥ P ( 1 K ‖f‖‖g‖ ∑ U_j≤K 1_{fτ}α_{j <tg} ≤ β )

where the summation is Poisson distributed by Lemma 3.5.2. Thus, this condition is easily satisfied by choosing a sufficiently large compact [-β, β].

In the remainder of this section, we will establish that the second condition holds.

Let us write

h_{ij}(s) := f(X_i(s))g(Z_i(s)) - f(X_j(s))g(Z_j(s))

Fix T > 0 and δ > 0. For all 0 ≤ t ≤ T - δ and 0 ≤ h ≤ δ, by means of

the identity (3.19), we have 1 25 (⟨ u^K_{t+h}, fg ⟩ - ⟨ u^K_t , fg ⟩)_2 ≤ (∫_{t+h} t ⟨ u^K_s ,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds )_2

+ ( √ θ ∑ U_j≤K ∫_{t+h} t f^′(X_j(s))g(Z_j(s-))dW_j(s) )_2

+ ( ∑ U_j≤K ∫ [t,t+h]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})gf(X_j(s)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) ^V^σ_j (ds × dζ × dη) )_2

+ ( ∑ U_j≤K ∫_{t+h} t f(X_j(s))dM^g_j (s) )_2

+ ( ∑ U_i<U_j≤K ∫_{t+h} t h_{ij}(s-)dV^λ_{ij}(s) )_2 (3.26)

Note that E [(∫_{t+h} t ⟨ u^K_s ,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds )_2 | | | F^t ]

≤ E | δ^2 ( θ 2 ‖f^{′′}‖‖g‖ + ‖f‖‖B^μg‖ + 2σ̄‖f‖‖g‖^2 )_2( ∑ U_j≤K 1_{fτ}α_{j <Tg} )_2 | | F_t ‖ (3.27) and we also have E [(√ θ ∑ U_j≤K ∫_{t+h} t f^′(X_j(s))g(Z_j(s))dW_j(s) )_2 | | | F^t ]

= E [ θ ∑ U_j≤K ∫_{t+h} t (f^′(X_j(s))g(Z_j(s)))^2 ds | | | F^t ]

≤ E [ θδ‖f^′‖^2‖g‖^2 ∑ U_j≤K 1_{fτ}α_{j <Tg} | | | F^t ] (3.28)

Similarly, E [( ∑ U_j≤K ∫ [t,t+h]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})gf(X_j(s)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) ^ V^σ_j (ds × dζ × dη) )_2 | | | | F_t ]

= E [ ∑ U_j≤K ∫_{t+h} t f^2(X_j(s)) ∫_1 0 σ (ψ(ξ_{s-}, X_j(s), η), Z_j(s-)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) ))2 dη ds | | | | F_t ]

≤ E [ 4δσ̄‖f‖^2‖g‖^2 ∑ U_j≤K 1_{fτ}α_{j <Tg} | | | F^t ]

To control the third term on the right-hand side of (3.26), we will need the following lemma. Observe that its condition holds under Hypothesis 1.3.1.

Lemma 3.7.1. If for all g ∈ D(B^μ) we have g^2 ∈ D(B^μ), then

[M^g_j ]_t - ∫_t 0 ( B^μg^2 - 2gB^μg ) (Z_j(s))ds is a martingale.

Proof. Observe that

M^g_j (t) = g(Z_j(t)) - ∫_t 0 B^μg(Z_j(s))ds - ∑ U_i<U_j ∫_t 0 ( g(Z_i(s-)) - g(Z_j(s-)) ) dV^λ_{ij}(s) - ∫ [0,t]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})g ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) V^σ_j (ds × dζ × dη) Almost surely, we never have a jump attributable to mutation process and

a jump attributable to a neutral or potential selective reproduction event

simultaneously. Thus, we have

[M^g_j ]_t = [g(Z_j)]_t - ∑ U_i<U_j ∫_t 0 ( g(Z_i(s-)) - g(Z_j(s-)) )_2 dV^λ_{ij}(s) - ∫ [0,t]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})g ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) ))2 V^σ_j (ds × dζ × dη) (3.29)

But, we have

[g(Z_j)]_t = g^2(Z_j(t)) - 2 ∫_t 0 g(Z_j(s-))dg(Z_j(s)) = g^2(Z_j(t)) - 2 ∫_t 0 gB^μg(Z_j(s))ds - 2 ∫_t 0 g(Z_j(s-))dM^g_j (s) - 2 ∑ U_i<U_j ∫_t 0 g(Z_j(s-)) ( g(Z_i(s-)) - g(Z_j(s-)) ) dV^λ_{ij}(s) - 2 ∫ [0,t]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})gg(Z_j(s-)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) V^σ_j (ds × dζ × dη) (3.30) and we also have

M^{g2}_j (t) = g^2(Z_j(t)) - ∫_t 0 B^μg^2(Z_j(s))ds - ∑ U_i<U_j ∫_t 0 ( g^2(Z_i(s-)) - g^2(Z_j(s-)) ) dV^λ_{ij}(s) - ∫ [0,t]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})g ( g^2 ( ψ(ξ_{s-}, X_j(s), η) ) - g^2 ( Z_j(s-) )) V^σ_j (ds × dζ × dη) (3.31)

Combining (3.29), (3.30), and (3.31), the reproductive event terms can-

cel, and we have

[M^g_j ]_t - ∫_t 0 ( B^μg^2 - 2gB^μg ) (Z_j(s))ds = M^{g2}_j (t) - 2 ∫_t 0 g(Z_j(s-))dM^g_j (s) which is a martingale.

By the lemma, E [( ∑ U_j≤K ∫_{t+h} t f(X_j(s))dM^g_j (s) )_2 | | | | F_t ]

= E [ ∑ U_j≤K ∫_{t+h} t f^2(X_j(s))d[M^g_j ]_s | | | | F_t ]

= E [ ∑ U_j≤K ∫_{t+h} t f^2(X_j(s))(B^μg^2 - 2gB^μg)(Z_j(s))ds | | | | F_t ]

≤ E [ δ‖f‖^2‖B^μg^2 - 2gB^μg‖ ∑ U_j≤K 1_{fτ}α_{j <Tg} | | | | F_t ]

(3.32)

Let us define the stopping time

τ^α_{ij} := inffs > 0 : X_i(s) = X_j(s), jX_j(s)j ≤ αg

Noting that ∑ U_i<U_j≤K ∫_{t+h} t h_{ij}(s-)dV^λ_{ij}(s) is a martingale by Lemma 3.6.1, we have

E [( ∑ U_i<U_j≤K ∫_{t+h} t h_{ij}(s)dV^λ_{ij}(s) )_2 | | | F_t ]

= E [ λ 2θ ∑ U_i<U_j≤K ∫_{t+h} t h^2_{ij}(s)dL_{ij}(s) | | | F^t ]

≤ E [ 2λθ^{-1}‖f‖^2‖g‖^2 ∑ U_i<U_j≤K 1_{fτ}α_{ij<Tg} sup_{τα} ij≤s≤T (L_{ij}(s + δ) - L_{ij}(s)) | | | F^t ]

(3.33)

Defining

γ^K(δ, T) := 25 K^2 / δ^2 (_θ 2 ‖f^{′′}‖‖g‖ + ‖f‖‖B^μg‖ )_2 ( ∑ U_j≤K 1_{fτ}α_{j <Tg} )_2

+ ( θδ‖f^′‖^2‖g‖^2 + 4δσ̄‖f‖^2‖g‖^2 + δ‖f‖^2‖B^μg^2 - 2gB^μg‖ ) ∑ U_j≤K 1_{fτ}α_{j <Tg}

+ 2λθ^{-1}‖f‖^2‖g‖^2 ∑ U_i<U_j≤K 1_{fτ}α_{ij<Tg} sup_{τα} ij≤s≤T (L_{ij}(s + δ) - L_{ij}(s)) \

(3.34)

we may combine inequalities (3.26), (3.27), (3.28), (3.32), and (3.33) to see that E [ 1 K^2 (⟨ u^K_{t+h}, fg ⟩ - ⟨ u^K_t , fg ⟩)_2 | | | F^t ] ≤ E [ γ^K(δ, T) | F_t ] Now, let us define λ(δ, t) := E sup_{0≤s≤t} ( l_{2θ(s+δ)} - l_{2θs} )

where l is the local time at zero of a standard Brownian motion started at zero. Note that by the strong Markov property, we have E [ 1_{fτ}α_{ij<Tg} sup_{τα} ij≤s≤T (L_{ij}(s + δ) - L_{ij}(s)) | | | | σ(X_j(0), U_j : j ∈ N) ]

= E [ E [ 1_{fτ}α_{ij<Tg} sup_{τα} ij≤s≤T (L_{ij}(s + δ) - L_{ij}(s)) | | | | F^{Xi,Xj}_τα_{ij} ] | | | | σ(X_j(0), U_j : j ∈ N) ]

= E [ 1_{fτ}α_{ij<Tg}λ(δ, T - τ^α_{ij}) | | | σ(Xj(0), Uj : j ∈ N) ]

≤ λ(δ, T) E [ 1_{fτ}α_{i <Tg}1_{fτ}α_{j <Tg} | | σ(Xj(0), Uj : j ∈ N) ]

Therefore, E ( ∑ U_i<U_j≤K 1_{fτ}α_{ij<Tg} sup_{τα} ij≤s≤T (L_{ij}(s + δ) - L_{ij}(s)) )

= E ( ∑ U_i<U_j≤K E [ 1_{fτ}α_{ij<Tg} sup_{τα} ij≤s≤T (L_{ij}(s + δ) - L_{ij}(s)) | | | σ(X^j(0), U^j : j ∈ N) ])

≤ λ(δ, T) E ( ∑ U_i<U_j≤K 1_{fτ}α_{i <Tg}1_{fτ}α_{j <Tg} )

Finally, then, it follows that from Lemma 3.5.2 that for all K > 1, we have E γ^K(δ, T) ≤ 25 / δ^2 (_θ 2 ‖f^{′′}‖‖g‖ + ‖f‖‖B^μg‖ )_2 c_1(1 + c_1) + ( θδ‖f^′‖^2‖g‖^2 + 4δσ̄‖f‖^2‖g‖^2 + δ‖f‖^2‖B^μg^2 - 2gB^μg‖ )c_1 K + 2λθ^{-1}‖f‖^2‖g‖^2λ(δ, T)c_1(1 + c_1) \

Now, by the continuity and monotonicity of l, it follows that sup 0≤s≤T ( l_{2θ(s+δ)} - l_{2θs} )_{a.s.} −)_{δ)0} 0

However, this supremum is bounded by the L_1 random variable l_{2θ(T+δ)}, so by the dominated convergence theorem, we have λ(δ, T) −)_{δ)0} 0.

From this, it follows that

lim_{δ)0} lim_{K)} E γ^K(δ, T) = 0

and the relative compactness and continuity of (_1 K ⟨ u^K, fg ⟩) K are established.

Remark 3.7.1. Observe that for the martingales M^K defined in (3.23), we have (cf. inequality (3.26)) 1 16 ( M^K_{t+h} - M^K_t )_2

≤ ( √ θ ∑ U_j≤K ∫_{t+h} t f^′(X_j(s))g(Z_j(s-))dW_j(s) )_2

+ ( ∑ U_j≤K ∫ [t,t+h]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})gf(X_j(s)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) ^V^σ_j (ds × dζ × dη) )_2

+ ( ∑ U_j≤K ∫_{t+h} t f(X_j(s))dM^g_j (s) )_2

+ ( ∑ U_i<U_j≤K ∫_{t+h} t h_{ij}(s-)dV^λ_{ij}(s) )_2

and so the proof above also establishes relative compactness of (M^K)_K and the continuity of the limiting martingale M defined in (3.22).

3.8 Calculation of the Quadratic Variation

In this section, we will prove Theorem 3.6.2, completing the martingale characterization of Section 3.6.

Let us write

h_{ij}(s) := f(X_i(s))g(Z_i(s)) - f(X_j(s))g(Z_j(s))

Note that, by (3.19), we have

M^K_t = 1 K ( ⟨ u^K_t , fg ⟩ - ⟨ u^K_0 , fg ⟩ - ∫_t 0 ⟨ u^K_s ,^θ_2 f^{′′}g + fB^μg + h^σ_s ⟩ ds )

= 1 K ( √ θ ∑ U_j≤K ∫_t 0 f^′(X_j(s))g(Z_j(s-))dW_j(s) + ∑ U_j≤K ∫ [0,t]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})gf(X_j(s)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) ^ V^σ_j (ds × dζ × dη) + ∑ U_j≤K ∫_t 0 f(X_j(s))dM^g_j (s) + ∑ U_i<U_j≤K ∫_t 0 h_{ij}(s-)dV^λ_{ij}(s) )

The first three terms on the right-hand side are martingales, and the last

is also a martingale by Lemma 3.6.1. Therefore, we have ⟨ M^K ⟩ t = θ K^2 ∑ U_j≤K ∫_t 0 ( f^′(X_j(s))g(Z_j(s-)) )_2 ds

+ ∑ U_j≤K ∫_t 0 f^2(X_j(s)) ∫_1 0 σ (ψ(ξ_{s-}, X_j(s), η), Z_j(s-)) ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) ))2 dη ds + 1 K^2 ∑ U_j≤K ∫_t 0 f^2(X_j(s))d ⟨ M^g_j ⟩ s + λ 2θK^2 ∑ U_i<U_j≤K ∫_t 0 h^2_{ij}(s-)dL_{ij}(s)

As K ) , the first three terms converge in L_1 to zero by arguments similar

to those used in the last section. It remains only to show that the final

term converges in L_1 to the process A defined in Theorem 3.6.2.

For each K > 0, n ∈ N, define

H_K := 1 K^2 ∑ U_i<U_j≤K ∫_t 0 h^2_{ij}(s)dL_{ij}(s)

H_{K,n} := 1 K^2 ∑ U_i<U_j≤K ∫_t 0 h^2_{ij}(s) ∫ R n^21f_{Xi(s),Xj(s)∈[x,x+} 1_{n )}g2θds

H_n := ∫_t 0 ∫ R ( n ∫_{x+} 1_n x ∫ E f^2(y)g^2(z)^ν_s(y, dz)dy - ( n ∫_{x+} 1_n x ∫ E f(y)g(z)^ν_s(y, dz)dy )_2) dx 2θds H := ∫_t 0 ∫ R (∫ E f^2(x)g^2(z)^ν_s(x, dz) - (∫ E f(x)g(z)^ν_s(x, dz) )_2) dx 2θds Noting that H = 2θλ^{-1}A, we need only prove that H_K^{L1}−) H. To do this, we will establish that:

ffl γ_n := lim_K E jH_K - H_{K,n}j −)_{n)} 0; ffl for all n, H_{K,n}^{L1}−)_{K)} H_n; ffl and H_n^{L1}−)_{n)} H. Then, it will follow that

lim_K E jH_K - Hj ≤ lim_K E jH_K - H_{K,n}j + lim_K E jH_{K,n} - H_nj + E jH_n - Hj = γ_n + E jH_n - Hj −)_{n)} 0 giving the desired convergence.

Let us begin by establishing the convergence of γ_n in the following lemma.

Lemma 3.8.1.

γ_n := lim_K E jH_K - H_{K,n}j −)_{n)} 0

Proof. Let k_n be a C^2(R) approximation of j · j given by

k_n(x) = / jxj, x ∉ [-^1_n ,^1_n ];

jxj +^{n2( 1n -jxj)3}_3 , x ∈ [-^1_n ,^1_n ].

Note that | |k_n(x) - jxj | | ≤ 1/3n for all x ∈ R and that jk ′_n(x) - sgn(x)j = 0

except on [-^1_n ,^1_n ] where it is bounded by 1. Also observe that

L^n(t) := ∫_t 0 n^2 ∫ R 1f_{Xi(s),Xj(s)∈[x,x+} 1_{n )}gdx 2θds = ∫_t 0 ( n(1 - njX_i(s) - X_j(s)j) _ 0 ) 2θds = 1 2 ∫_t 0 k^{′′}_n(X_{ij}(s))d[X_{ij}]_s so by the Meyer-Itô Formula [10, Theorem IV.51], we have ( k_n(X_{ij}(t)) - jX_{ij}(t)j ) = ( k_n(X_{ij}(0)) - jX_{ij}(0)j ) + ∫_t 0 ( k^′_n(X_{ij}(s)) - sgn(X_{ij}(s)) ) dX_{ij}(s) + L^n_{ij}(t) - L_{ij}(t) (3.35)

Since, by the product rule, we have ( k_n(X_{ij}(t)) - jX_{ij}(t)j ) h^2_{ij}(t) = ( k_n(X_{ij}(0)) - jX_{ij}(0)j ) h^2_{ij}(0) + ∫_t 0 h^2_{ij}(s-)d ( k_n(X_{ij}(s)) - jX_{ij}(s)j )

+ ∫_t 0 ( k_n(X_{ij}(s)) - jX_{ij}(s)j ) d(h^2_{ij})(s) + [ k_n(X_{ij}) - jX_{ij}j, h^2_{ij} ] t

it follows that ∫_t 0 h^2_{ij}(s)d ( L^n_{ij} - L_{ij} ) (s) = ( k_n(X_{ij}(t)) - jX_{ij}(t)j ) h^2_{ij}(t) - ( k_n(X_{ij}(0)) - jX_{ij}(0)j ) h^2_{ij}(0) - ∫_t 0 h^2_{ij}(s-) ( k^′_n(X_{ij}(s)) - sgn(X_{ij}(s)) ) dX_{ij}(s) - ∫_t 0 ( k_n(X_{ij}(s)) - jX_{ij}(s)j ) d(h^2_{ij})(s) - [ k_n(X_{ij}) - jX_{ij}j, h^2_{ij} ] t (3.36)

Now, as

γ_n = lim_K E | | | | | 1 K^2 ∑ U_i<U_j≤K ∫_t 0 h^2_{ij}(s)d ( L^n_{ij} - L_{ij} ) (s) | | | | | we may establish the lemma by establishing the limit

lim_n lim_K E | | | | 1 K^2 ∑ U_i<U_j≤K ( · )| | | | = 0

for each term on the right-hand side of (3.36).

For the first term, defining τ^α_j := infft > 0 : jX_j(t)j > αg, we see that

E | | | | | 1 K^2 ∑ U_i<U_j≤K (k_n(X_{ij}(t)) - jX_{ij}(t)j) h^2_{ij}(t) | | | | | ≤ E 1 K^2 ∑ U_i<U_j≤K 4‖f‖^2‖g‖^2 n 1^|_τα_{i <tτα} j <t ‖

≤ 2‖f‖^2‖g‖^2 n c_2 −)_{n)} 0 by (3.17) of Lemma 3.5.2, and the same argument holds for the second

term.

For the third term, note that

M_t := 1 K^2 ∑ U_i<U_j≤K ∫_t 0 h^2_{ij}(s-) (k^′_n(X_{ij}(s)) - sgn(X_{ij}(s))) dX_{ij}(s)

is a martingale with quadratic variation

[M]_t = 1 K^4 ∑ U_i<U_j≤K ∫_t 0 h^4_{ij}(s-) (k^′_n(X_{ij}(s)) - sgn(X_{ij}(s)))^2 2θds ≤ 1 6 K^4 ∑ U_i<U_j≤K 1^|_τα_{i <tτα} j <t ‖‖f‖^4‖g‖^42θt

Therefore, by Jensen’s inequality, we have

E jM_tj ≤ (E M^2_t )^{12} = (E[M]_t)^{12} ≤ ( 1 K^2 ‖f‖^4‖g‖^4θtc_2 ) 1_2 −)_{K)} 0 For the fourth term, note that, by Itô’s formula, we may write h^2_{ij}(t) as the sum

h^2_{ij}(t) = h^2_{ij}(0) + A_{ij}(t) + M_{ij}(t) + ∫_t 0 h_{ij}(s-)d(J_i + J_j)(s) (3.37)

for a finite variation process

A_{ij}(t) := ∫_t 0 ( h_{ij}(s-) ( f^{′′}(X_i(s))g(Z_i(s-)) - f^{′′}(X_j(s))g(Z_j(s-))

+ 2f(X_i(s))B^μg(Z_i(s)) - 2f(X_j(s))B^μg(Z_j(s)) ) + ( f^′(X_i(s))g(Z_i(s-)) )_2 + ( f^′(X_j(s))g(Z_j(s-)) )_2) ds a martingale M_{ij}(t) := 2 ∫_t 0 h_{ij}(s-) ( f^′(X_i(s))g(Z_i(s-))dX_i(s)

- f^′(X_j(s))g(Z_j(s-))dX_j(s)

+ f(X_i(s))dM^g_i (s) - f(X_j(s))dM^g_j (s) ) and a jump process

J_j(t) := ∑ k 1_{fUk<Ujg} ( g(Z_k(s-)) - g(Z_j(s-)) ) V^λ_{kj}(s) + ∫ [0,t]×[0,1]^2 1f_{ζ≤σ̄-1σ}(_{ψ(ξs-,Xj(s),η),Zj(s-)})g ( g ( ψ(ξ_{s-}, X_j(s), η) ) - g ( Z_j(s-) )) V^σ_j (ds × dζ × dη) By Tonelli’s theorem, we have

E | | | | | 1 K^2 ∑ U_i<U_j≤K ∫_t 0 ( k_n(X_{ij}(s)) - jX_{ij}(s)j ) dA_{ij}(s) | | | | | ≤ E 1 K^2 ∑ U_i<U_j≤K 1 n jA_{ij}j(t)

≤ t n C_1 E 1 K^2 ∑ U_i<U_j≤K 1^|_τα_{i <tτα} j <t ‖ ≤ t n C_1 c_2 2 −)_{n)} 0

where C_1 = 4‖f‖‖g‖ ( ‖f^{′′}‖‖g‖ + 2‖f‖‖B^μg‖ ) + 2‖f^′‖^2‖g‖^2 < We also have

M_t := 1 K^2 ∑ U_i<U_j≤K ∫_t 0 (k_n(X_{ij}(s)) - jX_{ij}(s)j) dM_{ij}(s)

a martingale whose quadratic variation has expectation satisfying

E[M]_t = E 1 K^4 ∑ U_i<U_j≤K ∫_t 0 (k_n(X_{ij}(s)) - jX_{ij}(s)j)^2 d[M_{ij}](s) ≤ 16 n^2K^4 ‖f‖^2‖g‖^2 ∑ U_i<U_j≤K ( 2θ‖f^′‖^2‖g‖^2t + 2‖f‖^2‖B^μg^2 - 2gB^μg‖ ) 1^|_τα_{i <tτα} j <t ‖

by Lemma 3.7.1. By Jensen’s inequality, we have

E jM_tj ≤ (E M^2_t )^{12} = (E[M]_t)^{12} −)_{K)} 0

The term involving the jump processes J_j may be similarly controlled, and it follows that

lim_n lim_K E 1 K^2 ∑ U_i<U_j≤K ∫_t 0 (k_n(X_{ij}(s)) - jX_{ij}(s)j) d(h^2_{ij})(s) = 0

Finally, for the fifth term, equation (3.35) in combination with the decomposition (3.37) implies that [ k_n(X_{ij}) - jX_{ij}j, h^2_{ij} ] t = [∫_t 0 ( k^′(X_{ij}(s)) - sgn(X_{ij}(s)) ) dX_{ij}(s), 2 ∫_t 0 h_{ij}(s-) ( f^′(X_i(s))g(Z_i(s-))dX_i(s) - f^′(X_j(s))g(Z_j(s-))dX_j(s)

+ f(X_i(s))dM^g_i (s) - f(X_j(s))dM^g_j (s) )] t = 2 ∫_t 0 ( k^′(X_{ij}(s)) - sgn(X_{ij}(s)) ) h_{ij}(s-) ( f^′(X_i(s))g(Z_i(s-)) - f^′(X_j(s))g(Z_j(s-)) ) θds ≤ 8θ‖f‖‖f^′‖‖g‖^2 ∫_t 0 1f_{Xij(s)≤} 1_n g1f_{jXi(s)j,jXj(s)j≤α}gds so we see by Tonelli’s theorem that

E | | | | | 1 K^2 ∑ U_i<U_j≤K [ k_n(X_{ij}) - jX_{ij}j, h^2_{ij} ] t | | | | | ≤ 8θ‖f‖‖f^′‖‖g‖^2 E ∫_t 0 1 K^2 ∑ U_i<U_j≤K 1f_{Xij(s)≤} 1_n g1f_{jXi(s)j,jXj(s)j≤α}gds

≤ 8θ‖f‖‖f^′‖‖g‖^2 E ∫_t 0 n ∫_α -α 1 K^2 ∑ U_i<U_j≤K 1f_{jXi(s)j,jXj(s)j∈[x-} 1_{n ,x+} 1_{n ]}gdx ds

≤ 8θ‖f‖‖f^′‖‖g‖^2 ∫_t 0 n ∫_α -α E 1 K^2 ∑ U_i<U_j≤K 1f_{jXi(s)j,jXj(s)j∈[x-} 1_{n ,x+} 1_{n ]}gdx ds

However, this last expectation is 1/K^2 times the expected number of unordered pairs in location-level space [x -^1_n , x +^1_n ] × [0, K] and so has value E 1 K^2 ∑ U_i<U_j≤K 1f_{jXi(s)j,jXj(s)j∈[x-} 1_{n ,x+} 1_{n ]}g ≤ n^{-1}(K^{-1} + 2n^{-1})

Finally, then E | | | | 1 K^2 ∑ U_i<U_j≤K [ k_n(X_{ij}) - jX_{ij}j, h^2_{ij} ] t | | | | ≤ 16θ‖f‖‖f^′‖‖g‖^2tα(K^{-1} + 2n^{-1}) and we have the result.

Lemma 3.8.2. For each n ∈ N, H_{K,n}^{L1}−)_{K)} H_n Proof. By Tonelli’s theorem,

E jH_{K,n} - H_nj = E | | | ∫_t 0 ∫ R ( V^K_{s,x} - σ^2_{s,x} ) dx 2θds | | | (3.38)

where V^K_{s,x} := n^2 K^2 ∑ U_i<U_j≤K 1_{fXi(s),Xj(s)∈[x,x+} 1_{n )g}h^2_{ij}(s)

σ^2_{s,x} := ( n ∫_{x+} 1_n x ∫ E f^2(y)g^2(z)^ν_s(y, dz)dy

- ( n ∫_{x+} 1_n x ∫ E f(y)g(z)^ν_s(y, dz)dy )_2)

However, noting that ∑ j 1f_{Xj(s)∈[x,x+} 1_{n )}gδ(_{Xj(s),Zj(s),Uj}) � Poisson(μ) for μ given by μ(A × B × C) := ℓ(C) ∫ A∩[x,x+^1_n ) ^ν_s(x, B)dx let us reorder the points ∑ j δ_{( ^Xj(s), ^Zj(s), ^Uj)} := ∑ j 1f_{Xj(s)∈[x,x+} 1_{n )}gδ_{(Xj(s),Zj(s),Uj)}

so that the levels ^U_j are strictly increasing. Then, note that for all K, we have ∑ U_j≤K 1f_{Xj(s)∈[x,x+} 1_{n )}gδ_{(Xj(s),Zj(s))} = N^K_{s,x}∑

j=1 δ_{( ^Xj(s), ^Zj(s))} with N^K_{s,x} � Poisson (_K n ) and the ( ^X_j(s), ^Z_j(s)) iid and independent of N^K_{s,x} with distribution given by n1_{[x,x+} 1_{n )} ^ν_s(x, dz)dx Therefore, by the strong law of large numbers, we have V^K_{s,x} = n^2 2K^2 N^K_{s,x}∑

i=1

N^K_{s,x}∑

j=1 ( f( ^X_i(s))g( ^Z_i(s)) - f( ^X_j(s))g( ^Z_j(s)) )_2

= n^2 2K^2 ( N^K_{s,x} N^K_{s,x}∑

j=1 2f^2( ^X_j(s))g^2( ^Z_j(s)) - 2 (_{NKs,x} ∑ j=1 f( ^X_j(s))g( ^Z_j(s)) )_2)

= ( nN^K_{s,x} K ) ( 1 N^K_{s,x} N^K_{s,x}∑

j=1 f^2( ^X_j(s))g^2( ^Z_j(s)) - ( 1 N^K_{s,x} N^K_{s,x}∑

j=1 f( ^X_j(s))g( ^Z_j(s)) )_2)

) E f^2( ^X_1(s))g^2( ^Z_1(s)) - ( E f( ^X_1(s))g( ^Z_1(s)) )_2 = σ^2_{s,x} for all s ∈ R^+ , all x ∈ R, and almost all ω ∈ Ω.

Since jV^K_{s,x} - σ^2_{s,x}j ≤ 1f_{jxj≤α+} 1_n g‖f‖^2‖g‖^2 ( 4n^2 ∑ i,j 1 K^2 1_{fUi<Uj≤Kg}1_{fτ}α_{i <tg}1_{fτ}α_{j <tg} + 1 + 1 )

≤ 1f_{jxj≤α+} 1_n g‖f‖^2‖g‖^2 ( 2 + 2n^2 ( ∑ j 1 K 1_{fUj≤Kg}1_{fτ}α_{j <tg} )_2)

and E [∫_t 0 ∫ R 1f_{jxj≤α+} 1_n g‖f‖^2‖g‖^2 ( 2 + 2n^2 ( ∑ j 1 K 1_{fUj≤Kg}1_{fτ}α_{j <tg} )_2)] dx ds

= 2t ( α + 1 n ) ‖f‖^2‖g‖^2 ( 2 + 2n^2 E ( ∑ j 1 K 1_{fUj≤Kg}1_{fτ}α_{j <tg} )_2)

= 2t ( α + 1 n ) ‖f‖^2‖g‖^2(2 + 2n^2c_2) the result follows from equation (3.38) and the dominated convergence theorem.

Lemma 3.8.3. H_n^{L1}−)_{n)} H Proof. Fix t > 0 and ω ∈ Ω. Define

μ^h_n(x) := n

∫_{x+} 1_n x ∫ E h(y, z)^ν_t(y, dz)dy μ^h(x) := ∫ E h(x, z)^ν_t(x, dz) By the fundamental theorem of calculus, we have μ^{fg}_n ) μ^{fg}, and so (μ^{fg}_n )^2 ) (μ^{fg})^2, almost everywhere on R. Noting that (μ^{fg}_n (x))^2 ≤ ‖f‖^2‖g‖^21_{[-α-} 1_{n ,α+} 1_{n ]}(x) for all x ∈ R and n ∈ N and that this bound is integrable over R, we may apply the dominated convergence theorem to conclude that ∫ R (μ^{fg}_n (x))^2dx ) ∫ R (μ^{fg}(x))^2dx (3.39)

Also, observe that (by interchanging integrals) we have ∫ R μ^{f2g2}_n (x)dx = ∫ R μ^{f2g2} (x)dx (3.40) Combining equations (3.39) and (3.40), we have | | | ∫ R ( μ^{f2g2}_n (x) - μ^{f2g2} (x) - (μ^{fg}_n (x))^2 + (μ^{fg}(x))^2 ) dx | | | ) 0 for all (s, ω) ∈ [0, t] × Ω, and as the left-hand side is bounded by 8 ( α + 1 n ) ‖f‖^2‖g‖^2 < the result follows by the usual bounded convergence theorem with respect to the integral E ∫_t 0 . . . ds This completes the proof of Theorem 3.6.2.

References

[1] Peter Donnelly, Steven N. Evans, Klaus Fleischmann, Thomas G.

Kurtz, and Xiaowen Zhou. Continuum-sites stepping-stone models, coalescing exchangeable partitions, and random trees. Annals of Probability, 28(3):1063–1110, 2000.

[2] Peter Donnelly and Thomas G. Kurtz. A countable representation of the Fleming-Viot measure-valued diffusion. The Annals of Probability, 24(2):698–742, 1996.

[3] Peter Donnelly and Thomas G. Kurtz. Genealogical processes for Fleming-Viot models with selection and recombination. Annals of Applied Probability, 9(4):1091–1148, 1999.

[4] Richard Durrett. Probability: Theory and Examples. Wadsworth & Brookes/Cole, Pacific Grove, California, 1991.

[5] S. N. Ethier and Thomas G. Kurtz. Markov Processes: Characterization and Convergence. John Wiley & Sons, New York, 1986.

[6] S. N. Ethier and Thomas G. Kurtz. Fleming-Viot processes in population genetics. SIAM Journal of Control and Optimization, 31(2):345–386, March 1993.

[7] Thomas G. Kurtz. Martingale problems for conditional distributions of Markov processes. Electronic Journal of Probability, 3(9):1–29, 1998.

[8] Thomas G. Kurtz. Particle representations for measure-valued population processes with spatially varying birth rates. In Stochastic models, volume 26 of CMS Conference Proceedings, pages 299–317, Ottawa, ON, 2000. American Mathematical Society, Providence, RI.

[9] P. A. P. Moran. Random processes in genetics. Proceedings of the Cambridge Philosophical Society, 54:60–71, 1958.

[10] Philip Protter. Stochastic Integration and Differential Equations:

A New Approach, volume 21 of Applications of Mathematics. Springer-Verlag, New York, 1990.

[11] Mei Wang. Limit theorems on occupation times for perturbed random walks. Sequential Analysis, 15(2–3):103–122, 1996.