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Genetic Stepping-Stone Model

one-dimensional lattice n=1Z of sites;

initially distributed iid Poisson
mean n~1K;

site-to-site migration (rate 6n2);

Moran dynamics (rate n) at each site.
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Symmetric Particle Model

Consider a K-density collection of particles
located in R with types in E.

Start them at:

2_0(x(0),2(0)) ~ PPP(KV)
where v is a measure on R x E with
l/(-,E) = ER'

Evolve them as:
(Locations) Xj(t) = XJ(O) + \/§WJ ()

(Interactions) Vfij(t) = N;j (%Lto (X; — XJ))
(Types) Zi(t) = z;(0)
t = _
+ 3 [ (Zi(s=) - Z;(s-))aVig(s)
i7j 70
+ Mutation(t)

Genetic Stepping-Stone Model

Consider a K-density collection of particles
living in n~1Z with types in E.

Start them at:

2 8(xp(0),7p(0)) ~ PPP(KV™)
where v™ is a measure on n~17Z x E with
zen—17Z

Evolve them as:

) n _ wvn 1yx/7 2

(Locations) Xj t) = Xj (0) + ﬁWj (On-t)
t
- ¥, — AL (A
(Interactions) V;;(t) = NW <§/0 n - 1{X?(S)=X?(S)}29ds)
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Stepping-Stone Limit

We have

(X5 (VD) = (X5)5, (Vij)izes)
in J; topology.

Under v™ — v and some regularity conditions
on mutation, we will have

(Xgna Zgn)J = (Xj, Zj)j

Infinite-Density System ¢

Start particles at:

2 8(x;(0),2;0),05) ~ PPP(v X Lg+)
Evolve them as:

(Locations) X(t) = X (0) + \/_W ()
(Interactions) Vij t) = ( {U;<U; })‘Lt (X; — X; ))
(types)  Z;(t) = Z;(0)
+ 3 [ (Fils-) — Zi(-))avig(s)

(]
+ Mutation(t)

Write & = 32 6(x,(1),7;(1),U;)"

Brownian Particle System

Instead of

Vij(1) = Ny (3L2(X; — X))
define U; iid U[0, K] and take

Vii(®) = Nij (1,<v AL (Xi — X))

Types evolve as:
Zj (t) = Zj (0)

+ 3 [ (i)~ 2i(-))aviy(s)
i
-|—Mujtati0n(t)

Infinite-Density System ¢
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An Intermediate Model

LTFBI:

25 8(x;(0),2;(0)) ~ PPP(Kv);

e W; iid Brownian motions on R;

N{i’j} iid rate 1 Poisson counters;

7 ),k 1id uniform random {3, j} < {4, j};

U; iid U0, K].

Define Brownian locations
X;(t) = X;(0) + VoW, (¢)
and directionless interactions

V{z,]}(t) = N{z,]}()‘L?(Xl — XJ))

Ordering the Model

Theorem 1. There exist [0, K]-valued,
left-continuous, jump processes Uj satisfying

0.(t) = Uj, 0<¢t<Tjq;
! Uy () (Ti0)s - Tjg <t < Tjpgr.

and N-valued, left-continuous jump processes
d; satisfying

For each fixed t > 0, conditioned on

g {T{Zaj}vk’ 1{UZ(T{z,]},k)<UJ(T{Z,J}Jc)} : T{ZJ}JC < t}
the U;(t) are iid U[0, K].

(Thus, conditioned on o{T; j; 1}, the
1{ﬁi(T{i,j},kKUj(T{i,j},k)} are iid coin flips.)

11

Ordering the Model

Some notation:

e Let {T{i,j},k}keN be the ordered jump
times of V{Z-’j};

o Let {(T},m;x)} be the strict ordering of

{(Tgijy b T 5y k) © Vi 7~ 5, Yk} by first
component.

That is, j interacts at T 1 <Tj> < ..., and at
T}, there is a m; 2 {i,5} < {i,j}.
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Ordered Intermediate Model

@ = level of particle j
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Deriving the
Symmetric Particle Model

Define Vj; (started at 0) by

o0
AVi;(t) = kzl 1{t=T{i,j},k}1{Ui(t)<Uj(t)}
By Theorem 1,
Vi = Nij (3L(X; - X))

If we define
Z;(t) = Z;(0)
+ 3 [ (Zis-) — Zi(=))aviy(s)
—i—]Zletation(t)

then (X;, Z;) is the K-density symmetric
model.
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Symmetric and ¢ Particles
K
Us
(X2,22)
Uz
Uy
(Xa,Z4)
Ug
0 T T T T T T
0 t1 12 i3 ta ts te T

Consequence: 25(59’%) = Z5(Xj,Zj)
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Deriving the
Infinite-Density System ¢

Define Brownian locations
Xj(t) = Ko, (1) (1)
Define V;; (started at 0) by

o0
AVy(t) = Ly<uyy k; Lit=Tro,0).05010)

If we define
Z(t) = Z;(0)
+ 3 [ Zils-) — Zi(s-Davig(s)
+;\Ztation(t)
then

> 0(x,,2,,U;) = &Ry Ex[0 K]

Some Notation

Consider the infinite density model
on R x E x RT:

& = D_00x;(6).7;(),U;)
J

Write
wWf,9)= 3 g(X;®), Z;(#))

U;j<K

and define

Sff:o—{g\R PPN 5(X.,Z.)(T),r§t}
X Ex (K,00) U<k 714

3= 3K
K>0

14
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Limiting Location-Type Measure

. . — lim L1/.K
We are interested in (u, g) = Klinoof<ut ,9).

Theorem 2. For g € B:(R x E), we have
[1{<utag>_E[uta ‘%’t] —> E[uta ‘gt]

almost surely and in L.

Proof. By the coupling,
E[(uf, g) | §E]

= E[ > Lw<1y9(X;(8), Z;(1)) ‘&t ]
U,<K

Z 9(X;(®), Z;(1)) ‘& ]

U<K

Convergence follows as E[(utl,g) ‘ &tK] is a
backwards martingale in K.
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An Ito Identity

Take the mutation to satisfy

gV () = g() + " Bg(Y (s))ds + M(2)

For f € C2(R) and g € ©(B), we claim
<Ut1;fg>_<u(1)7fg>_/(; < 572f”g+fBg>dS
=VB Y [ FO()a(Zi(s-)aWy(s)

U;<1

+ 3 [ O

U;<1

+ Y [z -
U;<U;<1
: F(X5())9(Z5(s=)))dVig(s)

is an (§1)-martingale.
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Poisson Structure

Why is (ut, g) = KIi_r)noo%(u{(,g) interesting?

Theorem 3. For all t > 0, conditioned
on §¢°, the process & is PPP (v X £py) where
Vt(F) = <ut7 1F>

Remark 1. Note that (-, E) = 4. By
Morando's Theorem, we may (with abuse of
notation) write:

vi(dz,dz) = vi(z, dz)dx
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A Martingale Problem

Lemma 4. If §; C &; then
t
H(t) —/0 K(s)ds

a (&;)-martingale implies

EHOIF] - [ ELK()[3:1ds

an (§:)-martingale.

Therefore,

(uh, f9) — (wh, $o) — [ (ud, 5”9 + FBg) ds

an (F})-martingale implies

t
<uta fg> - <u0a fg> _~/0 <u5a %f”g + fBg> dS

is an (§g°)-martingale.
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The Angle-Brackets Process (M)

Consider the (§°)- and (FK)-martingales:
t
Mi = (u, ) = Guo, f0) = [ (un 3579 + £ o) ds

1 t
ME = 2l ) — o) [ 80+ £g) ds)
Lemma 5. For all t >0, MK 22 M.

Lemma 6. If (MK), % 4, for predictable A,
then (M) = A.
Proof. For 0 < s < t,
0= E[(@f? - (") [ 7 |57
=5 E[(()? - 4u)[1 2 | 82
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Calculating (M)

Write
hi; = (£(Xi(8))9(Zi(s=)) — F(X;(s))g(Z;(s—)))?

Then

LS /0 iy dLO(X: — X,)(s)

U<U,<K

)\ t
~ 12 Z /o h’ij/]Rn2l{X,(s),X,(s)E(z,z-%—,—“)}dm20ds
U<U,<K

L0 | t/R (n / IH/EfZ(y)gz(Z)vs(y, dz)dy
- <n/:+:i/Ef(y)g(z)us(y, dz)dy)Q) dx ds
~ 26\ /OL/R (/EfQ(m)gQ(z)us(m,dz)
_ < /E F(2)g()vs(, dz)>2)dx ds

= t 2(g 2) — g(2))? vs(z, dz)vs(z, d2")dz ds
—eA/O/R P@)(9(=) — 9())? vs(a, d=)va(e, d=')dz d

ExE

23

Calculating (M)

By the same It identity,

t
M€ = el o) = g = [ (8570 + 1) ds

- %{‘/é > /O F(X3(8))9(Z;(s=))dW;(s)

U<K

t
+3 /O FOX(5))dM (s)

U<K
t
DI RGEIOVIEIED
Ui<U;<K Y0
—f(Xj(S))g(Zj(s—)))de(s)}

Thus,
(M") = 0, ()
)\ t
+25 Y [ GEEeEe-)
U<U;<K Y0
— F(X5())9(Z5 (=)L (X; — X;)(s)
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Complete Martingale Problem

For f € C2(R) and g € ©(B), we have

t
(ut, fg) — (vo, f9) _/o <“5, %f”g + fBg> ds
an (§g°)-martingale with angle-brackets
process (and guadratic variation)

t 2 —z'zvxzvsacz'ms
[ [ FE6E - dome )iz

Is the solution unique?
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Mueller-Tribe SPDE

e Two types E = {0,1};

e No mutation.

Then, for g = §1 and u(s,z) = vs(x, 1), we
have

[ F@yutt 2)de - /Rf(w)u(?,w)dw
— %/0 f'(z)u(s, z)dx ds

a martingale with quadratic variation

t
2
20)\/0/Rf (x)u(s,z2)(1 — u(s,z))dzds

Thus, u is a weak solution of:
4= 8Au+/20xu(1 — W)W
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