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Particle Motion with Dual

Continuous Markov motion (Z, P;) on
interval E C R with dual (Z, P):

[ 1Pigdm = [ gPuf dm

with diffuse m satisfying 0 < m(a,b) < oo for
all a < b, a,b e E.

Hypothesis 1. There exists E, — E relatively
open in E with m(E,) < co and

/E P*{op, <t}m(dz) < oo
where

oq=inf{t>0:2Z() € A}

Lookdown Particle Systems
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We define the particle system

V= 82,0m 0)
uel

EMA(E x{0=0,1 =@} x (0,00))
where
e Wy ~ Poisson(Xo X £g00)) for Xo(- x {0,1}) =m;
e Z,|Wo iid copies of Z (with stationary measure m);

e k, are determined by & = {u _t, v} such that

t

Klu(t) = {Kv(t) U—v

rku(t—) otherwise

Particle Systems with Fast Local
Interactions (DEFKZ, 2000)

Let
[ul; :={v € U Zu(t) = Zu(t)}

It turns out [u]+ always has a minimum which
we denote by |u]¢, and define

& = {(t,u, |u)) 1 uF |uly, ue it >0}

We showed (Dec 3) that there exist cadlag «y
satisfying this genealogy and so having

Fu(t) = #]u) () = K]y, (0-)



Limiting Measure-Valued Process

Define a kind of M-average empirical
measure:

M . __ ~
Xt T M Z 5(Zu(t)w"€u(t))

We showed (Feb 4) that for all
h € B(E x {0,1}) with compact support,

a.s., L
XM(R) "5 Xy(h)

M—o0
and 3 filtration §; so that X; € §; and
vy ‘ F+ ~ Poisson(X; x E(O,oo))
where X;(- x {0,1}) = m.

An Interface of W,

For E the closure of E in Ry = [—o0, +00],
define E-valued processes

Ly :=inf{Zy(t) : ku(t) =0} (=supFE if §)
Ry :=sup{Zy(t) : ku(t) = 1} (=infE if 0)

When —oco < Ly < Ry < 400, it loOks like:
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Particle System Carries
Measure-Valued Process

So, V; is a particle construction of a
measure-valued “process’ X;.
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Note that:

e W|Fo ~ Poisson(Xo X £(g.)) by construction;
o W3 ~ Poisson(X; x £ )) by the previous slide.
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An Interface of X;

The processes L; and R; really describe X.

For each t, we almost surely have
Xi((—00,a) x {0}) =0 <= a <Ly
Xi((b,+00) x{1}) =0 <= b> Ry
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Path Properties of L; and R;

Theorem 2. Almost surely, the processes
L :=inf{Zyu(t) : ku(t) = 0}
Ry = sup{Zy,(t) : ku(t) = 1}

are cadlag with

Ly <L;<R< Rt

for all t > 0.
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Example: Brownian Motion

o m(dzr) = dx
e Generators:
Af(@) = Lf"(@)
Arg(@) = 3¢"(2)
e Processes:

Zy = By
It:Bt
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Coalescing of the Interface

Define
T:=inf{t>0: Ly = Ry}
an §}Y-stopping time.

Theorem 3. Almost surely, on {¥ < oo}, we
have Lz, = Rgy,; for allt € Ry, and the
E u{A}-valued process

A T =00

is a continuous, time-homogeneous, Borel,
right process (with respect to &; := S§+t)
with law

IP’[ItZz \ Jo:x] =P*(Z; < z)

Corollary 4. If Z has generator A then I has
generator Ay with

[£ag+ [darr=o0
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Example: General Diffusion

A general diffusion with generator

gy = "D 1) + b))

is usually self-dual with respect to its speed
measure

2 b(y)
m(dz) = moe2 10 s ¥q1(2)dw

So, by Corollary 4,

a’(x)
2

Ars@) = "D @+ (8 1)) @)

In particular, if a(z) = a > 0, general b(z) then
Ay is diffusion with same diffusion rate and
opposite drift.
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Example: Ornstein-Uhlenbeck

m(dz) = e=7%/2dy

e Generators:
1 — l 1! _ E /
Af(z) = %f (z) %xf (z)
Arg(e) = 59" () + Jag/(2)
e Processes:

Zp = e t/2 (Zo +B (et - 1))
I = et/ (IO +B (1 - e—t))

SPDEs:

t1
Zt=Zo—|—Bt—/O§ZSds

t1
Jt:10+Bt+/0§13ds
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Recall: Ancestral Chains

The t-chain of u is the chain of lookdowns
backward in time that determine u's type at
time t.
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Example: Stochastic Exponential

m(dz) = 2~ (2t gy
Generators:
Af@) = 222" @) + (5 ) 2r ()
1 1
Arg() = 229" (@) + (5 + ¢ ) 2/ (2)

Processes:

Zy = ZoeBt_Ct

I; = IgePrtet

e SPDEs:
t 1 t
7 = Zg +/ ZdBs + (f _ c) / Zsds
0 2 0

It:Io—l—/OtIsdBS—l— (%4-0) /;ISds
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Ancestral Paths

For a (finite) chain

to __ 31 tm
Cup = UQ — ... — Um

we actually define ruyy(to) 1= K9

Um*

Writing
to . JUE  VEE[tgy1,tk), 0<k<m-—1
/Buo(t) =
um  Vt € [0,tm)

for the ancestral level process, we may define
the ancestral path by

5000 04) -— &
Z, (t) =7 ;
o B3 (1)

Note that the ancestral type is constant:

(t) Vi<t

t) =0 vt<tg

Um

/iggo(t) = g0
0

ug (1)
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Ancestral Paths of Different Types
Never Meet

s<t

contradiction

E

Lemma 5. Almost surely, for all u,v € 4 and
t > 0, if ky(t) # ko(t) and Zy(t) < Zy(t), then
we have

Zg’t(s) < Zf’t(s) Vs <t
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Proof of Theorem 2

First, L+ < R; for all t.

Suppose Ry < Ly. By Lemma 6, there are
oo-many particles in (R, Ly). Let u be one.
What is ky(t)7?

[ B4

Ry Ly
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Lots of Loiterers

Lemma 6. Almost surely, for all (a,b) C E

and t € Ry, we have some § such that
{uel: Zy[t—5,t+6] C (a,b)}

is infinite. In fact, § can be taken to be a

deterministic function of (a,b).

Corollary 7. Aimost surely, for all (a,b) C E
andt € Ry, there exists u € 4 and 6 > 0 such
that

Zu(t —6,t+6) C (a,b)
and
lujr =u Vre(@—9461t+90)

Moreover, if v € 8 with Zy(t) € (a,b) and
ky(t) =k, then uw and 6 may be chosen so
ku(r) =konre(t—41t+59).
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Proof of Theorem 2

Second, L; is right continuous with

Say Lt € Eg. By Corollary 7, Ve > 035 > 0
such that for r € (t — §,t + §) we have:

Zu(r)

Zw(ro)
@)

Zu(r)
*— 3
€ Lt/—FE
Ly

™

Ly

Particle v ensures L, < Ly +¢€ for all r € (t — §,t +9).

Particle u forces L, > L, — ¢ for r € [t,t +§). Otherwise,
at some rg € [t,t 4+ §), there'd be a w as above. Trace
back ancestry of w and u to time t and invoke

Lemma 5 giving the contradictory

28m(t) < ZB7o(t) = Zu(t) < Ly
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Proof of Theorem 2

Third, limgt; Ls = Timgy; L.

Suppose not. Then, 3r,, T¢,8, Tt with L, <a<b< Lg,
for some a,b € Eg. By Corollary 7, 3§ > 0 such that for

re (t—4,t+ ) we have:

Z.(r)
@

Ly, a b L,
e Pick n such that Vn' > n, sy, rn € (t — 6,1+ §);
pick m such that 7, > sp.
e Because Z,(sn) < Ls,, we have k.(r) = 1.
e Because L, < a, there exists v as above.

e Trace ancestry of v and v from r,, back to s,, and

28 (sp) < 287 (sy) < Ls,, contradicting the type
of particle v.
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Proof of Theorem 3

For [ € E, write J; for the measure
on E x {0,1} given by

3,(A x {0}) = m(AN [I,sup E))
3,(A x {1}) = m(An (inf B, 1))

and write M := Poisson(J; X £(q x0))-

(X i o
[ J @)
law=n, [ ] @)
aw o O o
o ° o
© o
all 1s
Ji(dzx{1})
m(dz)
all Os
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Proof of Theorem 3

First, for an almost sure set ', we have
{T<ynQ C{Li= R} C{T <t}

Take ' the set on which ancestral paths of
different types don't meet. For ¢t > % (w), we
have L, = Ry, for some tg <t by the
definition of . Suppose L; < R;. Then, we
have:

o4

Ltotho Ly Ry

a contradiction to Q. So, L; = R; for all
t > T(w) and so for t > T(w) by right
continuity.
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Proof of Theorem 3

Here's what X; looks like after the interface
coalesces:

Lemma 8. T is an §;-stopping time with

P(X; #731,,T<t)=0

Note L; = h(W;) for some measurable h.
Define the semigroup

P = [Pif o h()Ni(w) = PMUf(Ly)

24



Proof of Theorem 3

Second, an “approximation” of the simple
Markov property of I;.

Lemma 9. For all s<t and A € §s,
E[f(L); T < s,A] = E[P/ f(L:); T < 5, A]
Proof.
E[f(L:); T < s/Fs] = E[E[f o h(W1) Y] 12<,|3]
= E[lz<;Pi—sf o h(W,)|Fs]
= lec, / Poof o h($)My, (di)
= ls<,PLf(Ls)
O

Approximating ¥ from above by random times ¥,, each
with countable range, we can use the continuity of Pt’f
over a rich class of functions f € 8 to show

Elf(Lx44); T < 00|F84] = Lecoo Pl f (Lays)
and use a monotone class theorem to extend to f € b€.
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Proof of Theorem 3

Third, the law of I;.

Note PMi(T =0) =1, so
/E e~ PY(I, < 2)m(dz)
= /E e~ PI(L; < 2)m(dz)
sup £
= ]P’rll/ e~ ¥*m(dz)
Ly
—pM /E e~ X, (dz x {0})

— /E e~ PA(Z() > 1)ym(dz)

with the last equality following from a duality
result of (DEFKZ, 2000).

Inverting the Laplace transform gives the law.
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