MATH 263 ASSIGNMENT 9 SOLUTIONS

Let F = (z—yz)i+ (y+x2)j+ (2 + 2zy)k and let
51 be the portion of the cylinder z? 4+ y2 =2 that lies inside the sphere z2 + 1% + 22 =4
S be the portion of the sphere x? + 32 + 22 = 4 that lies outside the cylinder 2?2 + y? = 2
V' be the volume bounded by S; and Ss
Compute
a) [ [, F-nadS  with & pointing inward
0 1) T Fav
c) ff52 F-ndS with 7 pointing outward
Use the divergence theorem to answer at least one of parts (a), (b) and (c).

Solution. Observe that V - F = 3. So

- rar- ff o

The horizontal cross-section of V' at height z is a washer with outer radius v4 — 22 (determined by the
equation of the sphere) and inner radius V2 (determined by the equation of the cylinder). So the cross-
section has area 7r(4 — z2) —m2 = 7r(2 — 22). On the intersection of the sphere and cylinder 22 = 4—2 =2
SO

B V3 V3 o
///V~FdV:3/ 7T(2—22)dz:6ﬂ'/ (2-2%) dz =6m(2v2 - 25-) =[8v2r
v -2 0

On the cylindrical surface, using (surprise!) cylindrical coordinates,
n= —(cos@i + sin&j)
dS = V2dfdz
F-n= \/§(c059 — zsinﬁ) ( — 0059) + \/i(siné’ + zcos@) ( — sin9) =2

ﬂ 27
// F-ﬁdS:—2/ dz/ do =|—8/2r]
S1 -2 0

SO

By the divergence theorem
// ﬁ-ﬁdsz///ﬁ-mv-/ F-qdS =|16v2r
So 1% S1

Evaluate the integral [[fg F-ndS, where F = (2,y,1) and S is the surface z = 1 —a2—y?2, for 2242 < 1,
by two methods.

a) First, by direct computation of the surface integral.

b) Second, by using the divergence theorem.

Solution. a) Let G(z,y,2) = 2% + y? + 2. Then

dS = S du dy = 22K 1o dy = (22 + 2y + k) dar dy

v
F-idS = [zi+yj+k| - 228+ 2y7 + k| dedy = [22% +2y° + 1] dz dy

Switching to polar coordinates

. 1 2 1
// F-ﬁdS:/ drr/ df (27’2+1):27r[%r4+%r2} =[2r]
S 0 0 0
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b) Call the solid 0 < 2 <1— 22 — 4%, V. Let D denote the bottom surface of V. The disk D has radius

1, area 7, z = 0 the outward normal —1A<, so that

//ﬁ-ﬁdsz—//ﬁ-kdxdy:—// dedy = —m
D D D

As

the divergence theorem gives

//Sﬁ- nds = ///6 Fdv — //ﬁ-ﬁdS:///v2dV—(—7r)
eer [l ff wwmre [

—7T+27T[ %22] =|27]
0

3a) By applying the divergence theorem to F= ¢ad, where @ is an arbitrary constant vector, show that

//V%dvz 8V¢ﬁdS

b) Show that the centroid (Z, 7, z) of a solid V' is given by
(jaga 2) = Qvoji(v) \/1/6‘/(172 + y2 + zz)ﬁdS

Solution. a) The divergence of ¢d is V(b a. So, by the divergence theorem,

//WM s = /// Vo-ddV — /avaﬁnds /// Voav]

This is true for all vectors d@. So
/ gzmds—///%clvzo
ov 1%

b) By part a, with ¢ = 22 + ¢ + 22,

4) Find the flux of F = (y+x2)i+ (y+y2)j— (22 + 22)k upward through the first octant part of the sphere
22 492 4 2% = a2
Solution. Let V = { (z,y,2) | 2? +3y? + 22 < a*, 2 >0,y >0, 2> 0 }. The OV consists of an z = 0
face, a y = 0 face, a z = 0 face and the first octant part of the sphere. Call the latter S. Then

// V-Fdv = /// [z4+1+2—22]dV = /// dV = tina® = Lrd®
//7 dydz—// y)dydz = — /drr/ d9rsm9——/ r2dr = —

face face

/ﬁzof-(—j)dm:o

face

//zzoﬁ-(—R)dzdy://zzo(m)dzdy: 242

face face

S,
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By the divergence theorem

//Fndmdy—///VFdV //7 i) dy dz— / F—dedz/ dmdy—[%—%}(f

fce

Let E(7) be the electric field due to a charge configuration that has density p(7). Gauss’ law states that,
if V is any solid in IR® with surface 9V, then the electric flux

/ E-ndS=4rQ  where Q:///pdV
oV |4

is the total charge in V. Here, as usual, 71 is the outward pointing unit normal to V. Show that
V- E() = amp(i)

for all 7 in IR®. This is one of Maxwell’s equations. Assume that V - E(7) and p(7) are well-defined and

continuous everywhere.

Solution. By the divergence theorem

// E-ﬁdsz///ﬁ-ﬁdv
av v
So by Gauss’ law
///ﬁ-EdV:4W///pdV = /// [§~E—4ﬂ'p]dV:()
v v v

This is true for all solids V' for which the divergence theorem applies. If there were some point in IR® for
which V- E —A4mp were, say, strictly bigger than zero, then, by continuity, we could find a ball B, centered
on that point with V- E —47p > 0 everywhere on B,. This would force M5, [ﬁ . E—47rp} dV > 0, which
violates [[f,, [6 E— 4mp] dV = 0 with V set equal to B.. Hence V - E — 47p must be zero everywhere.

Evaluate, both by direct integration and by Stokes’ Theorem, fc (zdx+x dy+ydz) where C is the circle
r4+y+2=0,2%+y?+ 22 =1. Orient C so that its projection on the zy-plane is counterclockwise.

Solution. The projection of C' on the xy-plane is 2% + y? + (—z — y)? = 1 or 222 + 22y + 2y?> = 1 or
(:v +y)2+ 42 (x —y)? = 1. Hence we may parametrize the curve using
: / _ 1
cosf — f sin @ 0) = — g sin 0 — \/5 cosd

z(0) = \}g 5 x 6
Ty = \/gcosﬂ, r—y = —2sinf = { y(0) = \}écosﬁ—k \fsmﬁ and { ¥'(0) = \}ésmﬂ—k fcos,ﬂ
z

2(0) = \36 cos 6 '(0) = \36 sin @

The sign in © — y = —v/2sin# has been chosen to make the projected motion counterclockwise. The
check this, observe that at § = 0, (z,y) = %(1, 1) and (%, ‘;—‘Z) = \/ii(—l, 1), which is up and to the
left. This integral is of the form fc F - di where F' = 24+ zj + yk and C' is curve parametrized above.
Hence

jfcﬁ - dF /0% F(7()) -7(8) db

27
:/0 [—%cos@(—%sin@—\%cos@)

+ (%cos@— %sin@)(— %sin@—k %cos@)
+ (% cosf + %sin@)(\/l6 sinﬁ)} do

W=

27
:/ [\/%00829+\/i1—251n26‘+(%—é—%+ )sin@cosG} df
0



Choose as S the portion of the plane x + y + z = 0 interior to the sphere. Then 1 = %(i +3+ 1A<) and
V x F' =i+ j+k so, by Stokes’” Theorem,

](Cﬁ.df_//sﬁxﬁ-ﬁds_//s(i+j+1})-%(i+j+k) ds_\/E//Sds_

since S is a circle of radius 1.

w

Evaluate §(zsiny? — y?)dz 4+ (2%ycosy® + 3z)dy where C is the counterclockwise boundary of the
trapezoid with vertices (0,—-2), (1,—1), (1,1) and (0, 2).

Solution. By Green’s theorem (or Stokes’ theorem)

jl{(:csmy —y*)dx + (2®y cosy? + 3x) dy—// g— (x2y cosy? + 3z) — 8 (:csmy -y ))dzdy
C
(0,2)
(1,1) :// (2zy cosy® + 3 — 2zy cosy” + 2y) dx dy
T

0,<2) (1,-1) ://T (3+2y) dzx dy

The integral of 2y vanishes because the domain of integration is invariant under y — —y. The other
integral is 3 times the area of the trapezoid, which is its width (1) times the average of its heights
(3[2+4]). So |§C(a: siny? — y?)dz + (x?y cosy? + 3z)dy = 9|.

Evaluate §, F - d where F = ye®i + (z + e")j + 2%k and C is the curve
7(t) = (14 cost)i+ (1 +sint)j+ (1 —sint — cost)k

Solution. V x F = (1 +e* — e””)f(, so by Stokes’ Theorem

fﬁ-d?://fc-dﬁ
C S

where S is the intersection of z +y + 2 = 3 with (z — 1)2 + (y — 1)2 < 1. Now [[ k- dS is the area of
the projection of S on the xy—plane. This projection is the circle of radius 1 centred on (1, 1), which has

area m. So fcﬁ-dfzw )

Let C be the intersection of x+2y—z = 7 and 22 —2x+4y? = 15. The curve C is oriented counterclockwise
when viewed from high on the z—axis. Let

—

F= (:1036_3E +yz)i+ (Sizy +sinz — m2)j+ (zy + ycosz)f(

Evaluate §, F.dr.
Solution. By Stokes’ Theorem and the observation that V x F = zi— (z+ 2x)R

%ﬁ-d?://ﬁxﬁ-ﬁdé’ where S is the part of z + 2y — z = 7 inside (z — 1)? + 4y? = 16
c S

://[a:i—(z+2x)f§]
//7 Az — 2y] dx dy

(area of ellipse with semi—axes a = 4, b = 2)[7 — 4T — 23]

:7r><4><2[7—4><1—2><0]:

z=—T+x+2y ! (_13 —2’ 1) dx dy
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10) Consider ffs(ﬁ x F) -7 dS where S is the portion of the sphere 22 +y2 + 22 = 1 that obeys z+y+2 > 1,
7 is the upward pointing normal to the sphere and F = (y — 2)i+ (z — ©)j + (¢ — y)k. Find another
surface S’ with the property that ffs(ﬁ x F)-ndS = I (V x F)-7dS and evaluate ffs/(ﬁ x F)-ndS.
Solution. Let S’ be the portion of  + y + z = 1 that is inside the sphere z2 + y? + 22 = 1. Then
05 = 95’, so, by Stokes’ Theorem, (with # always the upward pointing normal)

// (V x F)-ndS = ﬁ-do?:]f ﬁ-df://(ﬁxﬁ)-ﬁds
/ o8’ o8 S

AsV x F=—2(i+j+k) and, on &', i=@+i+k)

///ﬁ x F)-ndS = // —2v/3) dS = —2V/3 x Area(S’)

S’ is a circular disk. It’s center (z.,ye, 2.) has to obey z. + y. + 2. = 1. By symmetry, . = y. = 2., s0
Te =Ye = Zc = % Any point, like (0,0, 1), which satisfies both # +y + 2z =1 and 22 + y?> + 22 = 1 is on
the boundary of S’. So the radius of S’ is [|(3,3,3) — (0,0, 1] = [|(3, 3, —2)| = \/g So the area of

S’ is %w and

Sl
3

//,(ﬁ x F) - ivdS = —2v/3 x Area(S') = |-




