MATH 263 ASSIGNMENT 1 SOLUTIONS

1) Find the equation of a sphere if one of its diameters has end points (2,1,4) and (4, 3, 10).

Solution. The centre of the sphere is the midpoint of the diameter, which is %[(2, 1,4) + (4,3, 10)} =

(3,2,7). The length of the diameter is \/‘(4, 3,10) — (2, 1,4)’2 = V22 + 22 4 62 = /44 so the radius of
the sphere is 21/44 = v/11. The equation of the sphere is | (z — 3)* + (y —2)? + (z = 7)? =11

Show that the set of all points P that are twice as far from (—1,5, 3) as from (6,2, —2) is a sphere. Find
its centre and radius.

Solution. Let the coordinates of a point P be (z,y, z). This point is twice as far from (—1, 5, 3) as from
(6,2,—2) if and only if

VE+1)24+(y =52+ (2-32=2(x—6)2+ (y — 2)2 + (2 + 2)2
= 2+ 1)+ Yy -5+ (-3 =4(r—6)* +4(y — 2)* +4(z +2)?
= a4+ 20+ 149> — 10y + 25+ 2% — 624+ 9 = 42® — 48z + 144 + 4y® — 16y + 16 + 42% + 162 + 16
= 322 — 50z + 3y* — 6y +32° + 222+ 141 =0
—=3(r -8 13y -1)°+3(+4L) +141 -5 _3_ 12 _

3
=@+ -0+ (+H) =

This is a circle of |centre (%, 1, —%) and |radius —V33?’2 .

Describe and sketch the set of all points in IR® that satisfy

a) 22 +y? + 22 =22 b) 22+ 22 =4 ¢) z>/22 +42
d) 22 +9y2+22=4, 2=1 e)xt+y+z=1

Solution.

a) Since 22 + y? + 22 = 2z is equivalent to 2% + % + (2 — 1)? = 1, this is the set of points whose distance
from (0,0,1) is 1. So this is the sphere of radius 1 centred on (0,0, 1).
b) For each fixed yo > 0, the curve 2 + 22 = 4, y = g is a circle in the plane y = yo with centre
(0,90, 0) and radius 2. As 22 + 22 = 4 is the union of 2% + 22 = 4, y = yo for all possible values of yq, it
is a horizontal stack of vertical circles. The surface is the cylinder of radius 2 centred on the y—axis.
¢) For each fixed zg > 0, the curve z = /a2 + y2, z = zg is a circle in the plane z = zy with centre
(0,0, z0) and radius zg. As \/a2 4+ y2 = z is the union of /22 + y2 = z, z = 2o for all possible values
of zop > 0, it is a vertical stack of horizontal circles whose radii increase linearly with z. It is a cone
centered on the z—axis. z > /22 + y2 is the region above this cone. It is a solid cone.
d) This is the circle of radius v/3 centred on (0,0, 1) that lies parallel to the xy—plane.
e) This is the plane which passes through the points (1,0,0), (0,1,0) and (0,0, 1).
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22 by 22=d r+y+z=1

X

4) The pressure p(x,y) at the point (x,y) is determined by 22 —2pz + 3% + 1 =0 . Sketch the isobars

(curves of constant pressure).

Solution. The isobar for pressure p is the curve % —2px+y?+1 =0, or equivalently, (z—p)?+y* =
p? —1. For |p| > 1 this is the circle of radius \/p? — 1 centred on (p,0). For |p| = 1 it is the point (p, 0)
and for |p| < 1, no real (z,y) satisfies the equation. Here is a sketch showing six typical isobars.

p=-3 p=3
Compute the dot product of the vectors @ and b. Find the angle between them.
a)d=(—1,1), b= (1,1) b) @ = (1,1), b= (2,2)
o) da=(1,2,1), b=(-1,1,1)
Solution. 0
a) d-b=(-1,1)-(1,1)=0 cosf = —— =0 6 = 90°
) (-1,1)-(1,1) NN
. 4
b) a-b=(1,1)-(2,2) =4 cos=——==1 f=0°
) (1,1)-(2,2) NN
- 2
¢) d-b=(1,2,1)-(-1,1,1) =2 cosf = ——= = 4714 0 =61.87°

V6V3

Use vectors to prove that the line joining the midpoints of two sides of a triangle is parallel to the third
side and half its length.

Solution. Pick any two sides to the triangle. We can always put the vertex of the triangle joining the
two sides at the origin. Call the other two vertices @ and b. The midpoint of the side joining the vertex
0 to the vertex @ is %d’. The midpoint of the side joining the vertex 0 to the vertex b is %l; The vector
joining the two midpoints is %5 - %&. This is indeed parallel to the third side, which joins @ and 5, and

half its length. 5
A
2

b



7) Drop a perpendicular from the point (6,5,1) to the line, L, through the points (1,2,0) and (3,4,6).
Where does the perpendicular hit L?
Solution. The vector from (1,2,0) to (6,5,1) is (6,5,1) — (1,2,0) = (5,3,1). The vector (3,4,6) —
(1,2,0) = (2,2,6) lies in the line. The projection of (5,3,1) on (2,2,6) is (6,5,1)

EAEERY (2,2,6) = £ (2,2,6) = (1,1,3) 3,4,6)

The perpendicular hits L at (1,2,0) + (1,1, 3) =[(2, 3, 3)|. (1.2,0)

8) Use a projection to derive a formula for the distance from a point (x1,y1) to the line ax + by = ¢. Here,
a and b are not both zero.

Solution. Let (z2,y2) be any point on the line. Then axs + bys = ¢. If (x,y) is any other point on
the line, then ax 4 by = ¢ so that a(ze — ) + b(y2 — y) = ¢ — ¢ = 0. That is, (a,b) is perpendicular to
(xo —x,y2 — y). As (xa — x,y2 — y) is an arbitrary vector lying on the line, (a, b) is a normal to the line.
The distance from (z1,y1) to ax + by = ¢ is the length of the projection of the vector (x1 — x2,y1 — y2)
on the vector (a,b), which is

[{z1—22,y1—y2)-(a,b)| _ |awi—aza+byi—bys| _ | az1+byi—c] (z1,41)
I{a,b)] VaZ+b? VaZ+b?

<581 —T2,Y1 — y2>

9) Compute (1,2,3) x (4,5,6). (22, 12) (2 — 0,y — y2)

Solution.
i 3 k A _
(1,2,3yx(4,5,6) =det |1 2 3| =%2x6-3x5)—3(1x6—-3x4)+k(1x5-2x4)=|-31+67— 3k
4 5 6
10) Prove that
a)ixj=k
b) @-(@xb)=b-(@xb)=0
¢) |a x b|* = |a? [b|> - (@- b)?
Solution. a)
i 3 k ) ~
ixj=det |1 0 0| =80x0—-0x1)—j1x0—0x0)+k1x1-0x0)=|k|
0 1 0
b)
a- (6 X b) = dal (a2b3 - agbg) — az (a1b3 - agbl) + as (a1b2 - 0,2()1) =0
g' (6_1: X _») = bl (a2b3 — agbg) — bg(a1b3 — agbl) + b3(a1b2 - agbl) =0

¢) Just compare
|li X 5|2 = (a2b3 — (13()2)2 “+ (a3b1 — a1b3)2 —+ (0,1()2 — (121)1)2
= a%bg — 2a2b3a3b2 + agb% + agb% — 2a3b1a1b3 + a%bg + a%b% — 2a1b2a2b1 + a%b%

and
@262 — (@-5)? = (a3 + a2 + a2) (b2 + b3+ b3) — (arbs + azbs + a3b3)2

= a%bg + a%bg + a%bf + a%bg + agbf + a%b% — (2(111)1&2()2 + 20,1()10,3()3 + 2(121)2&31)3)
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11)

12)

13)

Find the equation of the sphere which has the two planes x+y+2 =3, t+y+ 2 =9 as tangent
planes if the centre of the sphere is on the planes 2z —y =0, 3z — 2z = 0.

Solution. The planes z +y + z =3 and « + y + z = 9 are parallel. So the centre lieson z +y+2=26
(the plane midway between x +y + 2z =3 and  + y + z = 9) as well as on y = 22 and z = 3z. Solving,

y=2zx, z2=3x, c+y+2=6 = x+2x+3xz=6 = =1, y=2, 2=3

So the centre is at (1,2,3). The normal to x +y+ 2z = 3 is (1,1,1). The points (1,1,1)onz+y+2 =3
and (3,3,3) on « + y + z = 9 differ by a vector, (2,2,2), which is a multiple of this normal. So the
distance between the planes is | (2,2,2) | = 2v/3 and the radius of the sphere is v/3. The sphere is

[ =12+ (y —2)? + (= - 3)> = 3]

Find the equation of the plane that passes through the point (—2,0,—1) and through the line of
intersection of 2x + 3y — 2z =0, x — 4y + 2z = —5.

Solution. First we’ll find two points on the line of intersection of 2243y — 2z =0, z — 4y + 2z = —5.
This will give us three points on the plane.

2z4+3y—z= 0 — 2z 43y == — 2¢ 43y ==

x—4y+2z=-5 x—4y=—-22-5 11y =5(2+2)
In the last step, we subtracted twice the second equation from the first. So if z = —2, then y = 0 and
r=—1. And if z = —%, then y = —g and z = 0. So we conclude that the three points (—2,0,—1),
(=1,0,-2) and (0,—2, —12) must all lie on the plane. So the two vectors (—2,0,—1) — (—=1,0,—2) =
(—1,0,1) and <O, —g, —1—25> —(-1,0,-2) = <1, —g, —1—21> must be parallel to the plane. So the normal
to the plane is (—1,0,1) x <1, —%, —1—21> = <g, —%, g> or, equivalently 7 = (5,—9,5). The equation of
the plane is

5(x42) —9y+5(z+1) =0 or [52 — 9y + 5z = —15]

Find the equations of the line through (2, —1,—1) and parallel to each of the two planes = + y = 0 and
x—y+2z = 0. Express the equations of the line in vector and scalar parametric forms and in symmetric
form.

Solution. One vector normal to z +y = 0 is (1,1,0). One vector normal to x —y + 2z = 0is (1, —1,2).

The vector (1,—1,—1) is perpendicular to both of those normals and hence is parallel to both planes.
So (1,—1,—1) is also parallel to the line. The vector parametric equation of the line is

[7=(2-1,-1)+(1,-1,-1)]

The scalar parametric equations of the line are

|x:2—|—t7 y=—-1-—t, z:—l—tl

The symmetric equations are

t:lz—Q:—y—l:—z—ll




