Math 263 Final Exam Formulas (Fall, 2004)

PROJECTIONS
L. eV R L R eV _, tUevV__
Scalar projection: s = ] = |t cos b Vector projection: ug = P2 V= ﬁv
v v v

OPTIMIZATION AND APPROXIMATION

Tangent Plane to surface G(z,y,2) =0 at P = (a,b,¢): 0=(zx—a,y—b,z—c)eVG(a,b,c)

Linear Approximation f(X) = L(X) = f(d) + (X — &) e Vf(d)
Quadratic Approximation flz,y) = Q(z,y) = f(a,b) + f1(a,b)(z — a) + f2(a,b)(y —b)
a,b a,b
0 o g 20D e ) - a) )

Hessian Test Hz,y) = fulz,y) fie(z,y)| [A B e If AD > B? then
(only for critical points) &y = fi2(z,y)  fo(z,y)|  |B D — if A < 0 then local max;

— if A > 0 then local min.

e If AD < B? then saddle point.

Newton’s Method Ty =Tp_1 — (H(Fn,l))AVf(Fn,l)

CHAIN RULES

@1 (=090 = (26,902 0) + (w0, 90}/ ()

91 (00, w000)) = (00,0, 00,00 ) o, 0) + oot 0), 0,09 ) o, 0)

LINE INTEGRALS AND CONSERVATIVE FIELDS

Along parametrized curve C: ¥ =71(t), a <t < b, /Cf(F) ds = /ab F(E() g dt, W= /(;dW = /cf odr = /ab f‘(?‘(t)) ° gdt
F conservative on set U means F = grad(¢) on U.

If F = (Fy, Fy, F3) is conservative on U, then curl(F) = 0 on U.

SURFACE NORMALS AND AREA ELEMENTS

Parametric surface ¥ = ¥(u,v): n=d=+ (% X %) dS=+ (% X g) du dv ds = g X g dudv

Surface with equation z = g(z,y): #A== (7g1 T—g27+ E) dS =+ (791 T—g27+ E) dedy dS =+/(g1)*+ (92)%> + 1dzdy

Level surface G(z,y,z) = 0: n=+VG(z,y,z2) dS = i%daz dy dS = ‘%/,g;z) dx dy

L 3 i n n -
Other projections: dS = —drdy = ——=drxdz = ——= dydz ds = |dS|

|fi o K| | e ] |0 e1]
POLAR COORDINATES
xr=rcosf, y=rsinfb r=+z2+y% tanf=y/z dA =rdrd
CYLINDRICAL COORDINATES
z=rcosl, y=rsinf, z=2=z r=+z2+y% tanf=y/x, z=2=z
dV =rdrdfdz Surface area element (on r =a): dS =adfdz
SPHERICAL COORDINATES
/22 & 2
x = psingcos, y=psingsing, 2= pcoso p=a2 + 2+ 22 =12+ 22 tanqb:fzxiﬂl, tand = 7
z z T

dV = p*sin¢ dpde do Surface area element (on p = a): dS = a®sin ¢ dep df

Adapted from R. A. Adams, Calculus, Several Variables, Addison-Wesley, 2003.



GRADIENT, DIVERGENCE, AND CURL

V= fﬂ +j2 +K 9 (“del” or “nabla” ooperator) f($7y7z) = Fi(z,y,2)T + Fa(z,y,2)] + F3($7y7z)lz
Jdx dy 0z
_ 9. 09 0. . o _OF OF, OB
V¢(I7y7z)fgrad¢(x7y7z)—71+6fy,]+£k VoF(z7y7z)7d1VF(x7y7z)—W+afy+W
T J kK
) — el B | & D 0| (0F OB (0F OR)\ . (0 OR\.
V x F(z,y,z) = curl F(z,y, 2) = 9% 95 02 _<8y 82>1+(82 8x>‘l+<8z 8y>k
F, Fy, Fi
V(¢y) = oV + Ve Ve(FxG)=(VxF)eG—-—Fe(VxG)
Ve (¢F) = (Vo) eF +¢(VeF) VXx(FxG =F(VeG)—G(VeF)— (FeV)G +(GeV)F
V x (¢F) = (V¢) x F+ ¢ (V x F) VFeG)=Fx (VxG)+ G x (VxF)+ (FeV)G + (G eV)F
V x (Vo) =0 (curl grad = 0) Ve(VXF)=0 (div curl = 0)

VERSIONS OF THE FUNDAMENTAL THEOREM OF CALCULUS

b
/ f'(t)dt = f(b) — f(a) (the one-dimensional Fundamental Theorem)
/ Ve di = ¢(F(b)) — ¢(F(a)), if C is the curve F=T1(t), a <t < b
c
OF, OF S . . .
e B_y dA = ¢ F edr, where C is the positively oriented boundary of R (Green’s Theorem)
R ’ c

/ / curl F e N dS = j{ F o dF, where C is the oriented boundary of S (Stokes’s Theorem)
s c

/// divFdv = # Fe ﬁd& where S is the bounding surface of D, with outward unit normal N (Divergence Theorem)
D s

TRIGONOMETRIC IDENTITIES

sin?z + cos?x =1 sin(—z) = —sinz cos(—z) = cosx
sec’z = 1+tan’2 csc?x =1+ cot’x
te =+ te
sin(x + y) = sinz cosy £ cos zsiny cos(x £ y) = coszcosy Fsinxsiny tan(z £ y) = cane =tany.
1Ftanztany
) 1 —cos2z 2 1+ cos2x
sin“g = —— cos“r = ——
2 2
INTEGRALS
T, " g z 1 . T, z 1 .
seczdr =tanz + C sin xdx:§ 1s1112.r+C cos :Ed:r:§+1s1112x+0
. "3 I 3 3 : L3
tanz dz = In|secz| + C sin® x dx = 3 cos®x —cosx + C cos” xdr = sinx — 3 sin”x + C'
" " d 1 " d 1
/tanzxdaz:tan.rf.r+c /GQ_::IQ:Etan’l§+C (a>0) /aQ—xIQZ%In ii—Z +C (a>0)

= silfngrC (a>0,|z| <a)

/% /\/%:ln|x+\/x2ia2‘+c
. 2 d 2 ,
/\/x2:|:a2dac:g\/$2:i:a2:t%ln‘x+\/$2ia2‘+C /\/az—Ide:g\/az—ﬁ-&-%silflg-i-c

~/2 ~/2 ~/2 ~/2 p- ~/2 i /2 . 9
/ sinz dx = / coszdr =1 / sin? zdz = / cos’xdr = — / sin® z dz = / cos® xdr = =
0 0 0 0 4 0 0 3
/2 /2 3 /2 /2 ] /2 /2 5
/ sintz dz = / cos?xdz = or / sin® & dz = / cos® wdr = — / sin & dz = / cos xdx = o
0 0 16 0 0 15 0 0 32

Adapted from R. A. Adams, Calculus, Several Variables, Addison-Wesley, 2003.



